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EDITORIAL POLICY Editors: 
The purpose of the IMSA Math Journal is to 
provide a forum for high school mathematics. 
It is subtitled: "A Resource Notebook For High 
School Mathematics" to emphasize its intended 
use as a resource for teachers and students in 
mathematics classes. 
The IMSAMJ includes problems for high 
school mathematics students and teachers at a 
variety of levels. The intention is to open the door 
of new ideas for exploration and discovery by both 
students and their teachers. 
Contributions are welcome from students 
and teachers across the state of Illinois. 
Manuscripts must be typed, double spaced, written 
in a clear and concise style. Student materials 
should be proofread and corrected by a mathematics 
teacher at the student's home school. Manuscripts 
submitted to the IMSAMJ should not be in 
consideration for publication elsewhere. Since 
manuscripts will not be returned, please keep a copy 
for your own records. Once a manuscript has been 
accepted for publication, it becomes the property of 
the IMSAMJ and may be edited or excerpted to suit 
journal needs. 
Submission of original problems should be 
accompanied by clear and concise solutions with 
proper justifications and diagrams as needed. 
Solutions to problems suggested in this journal also 
are encouraged. Be sure to quote the problem you are 
solving and provide a complete explanation of the 
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LETTER F R O M T H E EDITORS: 
W e l c o m e to t h e t h i r d i s s u e of t h e I M S A M a t h J o u r n a l , a n official p u b l i c a t i o n of t h e 
I l l inois M a t h e m a t i c s a n d Science A c a d e m y . T h e p u r p o s e of t h e I M S A M J is t o 
c o m m u n i c a t e t h r o u g h m a t h e m a t i c s w i t h b o t h s t u d e n t s a n d t e a c h e r s . S o m e of o u r 
g o a l s i n c l u d e : 
• P r e s e n t i n g t e a c h i n g i n s i g h t s , l e s sons , p r o b l e m s . 
• S h a r i n g m a t h e m a t i c a l i d e a s , m a t h e m a t i c a l t e a c h i n g i d e a s , 
o b s e r v a t i o n s , a p p r o a c h e s , c o n n e c t i o n s , e x t e n s i o n s , 
g e n e r a l i z a t i o n s of i n t e r e s t t o s t u d e n t s a n d t e a c h e r s of 
m a t h e m a t i c s . 
• F e a t u r i n g m a t h e m a t i c s p r o b l e m s for u s e i n s i d e a n d o u t s i d e t h e 
c l a s s r o o m , i.e. m a t h c o n t e s t s , m a t h c o m p e t i t i o n s , etc . 
• D i s c u s s i n g a n d s h a r i n g t h e ro l e of t e c h n o l o g y i n c l u d i n g 
c a l c u l a t o r s a n d c o m p u t e r s in t h e i n s t r u c t i o n a n d l e a r n i n g of 
m a t h e m a t i c s . 
• S h a r i n g o u r e x p e r i e n c e s a s e d u c a t o r s a s w e s t r i v e to h e l p 
s t u d e n t s c o n s t r u c t m a t h e m a t i c a l m e a n i n g t h r o u g h a n 
i n t e g r a t i v e i n t e r - a n d i n t r a - d i s c i p l i n a r y se t of l e a r n i n g 
e x p e r i e n c e s . 
W e h a v e b e e n e n c o u r a g e d b y t h e s u p p o r t , k i n d w o r d s , a n d c o n s t r u c t i v e s u g g e s t i o n s 
w e h a v e r e c e i v e d f r o m r e a d e r s of o u r p r e v i o u s i s s u e s of t h e I M S A M J . W e l o o k 
f o r w a r d to h e a r i n g f rom y o u a n d v a l u e y o u r i dea s , s u g g e s t i o n s , c r i t i c i sms . W e 
w o u l d w e l c o m e y o u r i den t i f i ca t i on of i s sues , top ics , etc . t h a t y o u w o u l d l ike u s t o 
a d d r e s s in f u t u r e i s s u e s a n d f u t u r e I M S A m a t h e m a t i c s p u b l i c a t i o n s . A l so , w e 
r e q u e s t t h a t y o u t a k e t i m e to fill o u t t h e e n c l o s e d F e e d b a c k fo rm. 
T e a c h e r s a r e e n c o u r a g e d t o m a k e c o p i e s of t h e I M S A M J , o r i ts a r t ic les , for s t u d e n t s ' 
u s e p r o v i d e t h e n a m e of t h e a u t h o r a n d t h e I M S A l o g o a r e i n c l u d e d . W e w o u l d 
l ike to i n c o r p o r a t e s t u d e n t a r t ic les , a n d o t h e r w o r k s in t h e n e x t i s sue . See t h e f ront 
c o v e r for g u i d e l i n e s . A n y s u b m i s s i o n s b e c o m e t h e p r o p e r t y of t h e I M S A M J a n d a r e 
subjec t t o e d i t i n g a n d a b s t r a c t i o n . N o n e wi l l b e r e t u r n e d , so p l e a s e k e e p a c o p y for 
you r se l f . S u b m i s s i o n s m u s t b e r e c e i v e d at leas t 60 d a y s p r i o r to p u b l i c a t i o n in o r d e r 
to b e c o n s i d e r e d for t h e n e x t i s sue . R e s p o n s e s to th i s i s sue s h o u l d b e r e t u r n e d to u s 
b y N o v e m b e r 1, 1995. Be s u r e to i n c l u d e y o u r full n a m e , aff i l iat ion, m a i l i n g a d d r e s s 
a n d s t a t u s ( t eache r , s t u d e n t , . . .). If y o u a r e r e s p o n d i n g to a p r o b l e m or p a r t i c u l a r 
ar t ic le , m a k e specif ic r e f e rence to t h e t i t le, p a g e a n d i s sue . W e h o p e y o u wi l l f ind 
e n j o y a b l e a n d w o r t h w h i l e m a t e r i a l s in o u r p u b l i c a t i o n . 
Titu Andreescu, Susan TLddins, 
Charles Hamberg, Qeorge Ivlilauskas 
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A N AREA EXPLORATION 
by: Susan K. Edd ins 
Illinois Mathematics and Science Academy 
Sketched a n d labeled on the Car tes ian g r a p h b e l o w is AABC w i t h vert ices A(2,0), B(7,0), 
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The l ighter l ines s h o w the "movement" of AABC as it is t rans la ted 4t spaces to the 
r ight a n d t spaces u p for 0 < t < 5. Whi le the t r iangle is t rans la ted con t inuous ly a long 
a pa th , the l ighter t r iangles, r ep resen t ing the pos i t ions of the t r ans la ted t r iangle for 
t = 1, 2, 3, 4, a n d 5, m a y he lp you see h o w it travels. 
This t r ans la t ion cou ld be ind ica ted u s i n g mat r ix add i t i on in the fol lowing way : 
W h e n t = 1: 
[ 2 7 5' 
. 0 0 6_ + 
[ 2 7 5 " 
_0 0 6 . 
" 4 4 41 
. 1 1 1 . 
+ 
— 
f 4t 4t 41 
. t t t . 
" 6 11 9' 
. 1 1 7_ 
O n the g r a p h above , the first l ight t r iangle has coord ina tes (6,1), (11,1), a n d (9,7). 
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W h e n t = 2: 
[ 2 7 5 " 
_0 0 6_ + 
[ 8 8 8" 
_2 2 2_ — 
10 15 13 
2 2 8 
W h e n t finally takes o n the va lue of 5: 
2 7 5 " 
0 0 6 + 
[ 2 0 20 20" 
5 5 5 — 
[ 2 2 27 25 
5 5 11 
D E T E R M I N I N G A N AREA 
A s AABC is t r ans la t ed a long its def ined pa th , it " sweeps out" a 2 -d imens iona l figure. 
Tha t f igure is ac tua l ly a p e n t a g o n . By u s i n g encasement, the shoelace method (see 
IMSA M a t h Journal , Vol. II, # 1, Fall 1993), or a geomet r ic a p p r o a c h it can b e verified 
tha t the area of this f igure is 145 square uni ts . 








L- 2 0 
l(0+35+297+150+0)-(0+125+ 5+12) I = 
Area = 25»11 - - • 20 • 5 - y 2 • 6 - | • 23 • 5 - - • 3 • 11 
Area = 145 square units 
• 290 
Area = 145 square units 
You m i g h t not ice that the area of the p e n t a g o n is the s u m of the areas of the or iginal 
AABC a n d the quadr i l a t e ra l w h i c h h a s b e e n " a d d e d onto" AABC. The quadr i l a t e ra l 
looks v e r y m u c h like a rectangle . It is no t . This can b e verified b y c o m p a r i n g the s lope 
of l ine s e g m e n t BC a n d the s lope of the l ine w h i c h ex tends from ver tex B to the po in t 
(27,5). The figure is actual ly a pa ra l l e logram so extra effort wil l b e n e e d e d to find its 
he igh t a n d c o m p u t e its area geometr ical ly . 
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A N EXTRA B O N U S 
If w e try to descr ibe the p a t h of the vertex (7,0) as it is t rans la ted , w e see tha t it is clearly 
1 t 
a line segment . The s lope of the line, j, is def ined b y the ratio 7? . 
fx = 7 + 4t 
W e can wr i t e this l ine s egmen t as { for 0 < t < 5. 6
 [ y = 0 + t 
These e q u a t i o n s def ine the l ine s e g m e n t parametrically. Try g r a p h i n g t h e m o n a 
g raph ics calculator in pa rame t r i c m o d e . The w i n d o w wil l n e e d to be set so that 
0 < t < 5. W h a t w i n d o w set t ings for x a n d y are necessary? 
It is poss ib le to e l imina te the pa rame te r , t: 
y = t so subs t i tu t ing y for t yields x = 7 + 4y 
1 7 
o r y = 4 x ~ 4 -
G r a p h th is l ine o n y o u r g raph ics calculator in funct ion m o d e . It con ta ins the l ine 
s egmen t descr ibed earlier. To g r a p h only the segment , g r a p h 
Y i = ( i x - 4 - ) - ( 7 - x ) # ( x - 2 7 ) 
(The > and < are found under the TEST menu of a TI-81 or 82. 
The window must be set large enough. Dot mode is preferable) 
As a last check, subs t i tu te the po in t s (7, 0) a n d (27, 5) into the equa t ion to verify that 
they do , i ndeed , lie on this line. They shou ld , in fact, b e the e n d p o i n t s of the des i r ed 
line segmen t . ^ 
CALCULATOR CURIOSITIES 
by: Crysta l Clark a n d Kristen Plott, Class of '97 
Illinois Mathematics and Science Academy 
The Prob lem: 45,444,672,000 is the p r o d u c t of the ages of a certain n u m b e r of teenagers . 
H o w could y o u d e t e r m i n e the n u m b e r of t eenagers a n d their ages? 
O u r A n s w e r : The object is to use ages that will d iv ide into the or iginal n u m b e r un t i l it 
b e c o m e s 1. We dec ided to use our TI-82 calculators to d iv ide b y the "teen 
pr imes" , 13, 17, a n d 19. W e observed the following, r epea ted ly d iv id ing b y 19. 
45 444 672 000 > " 2 391 824 842 > " 125 885 518 
— = 2 391 824 842 ' — = 125 885 518 ' — = 6 625 553.579 
Vy Yy ly 
(The decimal answer in the third division indicates the original number is only divisible by 19 .) 
Nex t w e dec ided to check divisibility b y 17. 
One of us divided the original number by 17. The other used the result after division by 19 . 
45 444 672 000 _ „ „ „ 2 391824 842 „ , _ „ „ „ 
— = 2 673 216 000 — = 7 405 030.471 
In one case it looks like the d iv is ion yields an in teger answer , so the n u m b e r 
s h o u l d be divisible b y 17. In the o ther case a dec imal a n s w e r indicates the 
n u m b e r is N O T divisible b y 17. W h a t is go ing on here? Check this for yourself 
a n d try to find ou t w h a t w e n t wrong . 
For an explanation — see page 7. 
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SOCCER S H O O T O U T S I M U L A T I O N 
by : D r . S t an l ey H a r t z l e r 
Illinois Mathematics and Science Academy 
In a loca l socce r l e a g u e w h e n a g a m e e n d s in a t ie, t h e r e is a n o v e r t i m e p e r i o d . If t h e 
s c o r e is st i l l t i e d af ter t h e o v e r t i m e p e r i o d , t h e n a " s h o o t o u t " o c c u r s . F i v e p l a y e r s 
a r e s e l e c t e d f r o m e a c h t e a m . T h e s e p l a y e r s e a c h t a k e t u r n s s h o o t i n g a t t h e g o a l f r o m 
t h e p e n a l t y s p o t . If t h e s c o r e is sti l l t i ed after e a c h t e a m ' s five p l a y e r s s h o o t , a n o t h e r 
se t of f ive p l a y e r s f r o m e a c h t e a m is s e l ec t ed to s h o o t . T h i s c o n t i n u e s o n w i t h t h e 
t h i r d five, a n d , if n e e d e d , r o t a t e s t h r o u g h t h e t o p five a g a i n , a n d so o n u n t i l t h e t ie 
is b r o k e n . 
B e c a u s e it c a n b e so i m p o r t a n t , a c o a c h k e e p s r e c o r d s o n w h o t h e t e a m ' s b e t t e r 
s h o o t o u t k i c k e r s a re . T w o c o a c h e s h a v e t e s t e d t h e i r t e a m s w i t h 24 p r a c t i c e k i c k s 
e a c h a n d r e c o r d e d t h e r e su l t s . 
E a c h socce r t e a m h a s fifteen p l a y e r s . T h e u n i f o r m n u m b e r s a r e l i s t ed b e l o w , a l o n g 
w i t h t h e n u m b e r of g o a l s m a d e o u t of 24 a t t e m p t s in a s h o o t o u t s i t u a t i o n . 
N u m b e r of S h o o t o u t G o a l s O u t of 24 
U n i f o r m 
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T H E S I M U L A T I O N 
Y o u wi l l n e e d : 720 r e d b e a d s 
720 b l u e b e a d s 
30 o p a q u e c o n t a i n e r s ( p a p e r l u n c h b a g s w o u l d w o r k n ice ly) 
• R a n k o r d e r t h e m e m b e r s of t h e T h u n d e r b o l t s in t e r m s of t h e i r s h o o t o u t ab i l i ty . 
• R a n k - o r d e r t h e N i n j a s in t h e s a m e fash ion . 
• D e t e r m i n e t h e shootout goal probability for e a c h t e a m m e m b e r b a s e d u p o n t h e 
o b s e r v e d r e su l t s . Fo r e x a m p l e , t h e s h o o t o u t goa l p r o b a b i l i t y for p l a y e r # 15 o n 
t h e T h u n d e r b o l t s is 0.50 b e c a u s e h e m a d e 12 o u t of h i s 24 o p p o r t u n i t i e s a t a 
s h o o t o u t . 
• Labe l e a c h c o n t a i n e r w i t h a d i f fe ren t t e a m n a m e a n d p l a y e r n u m b e r . In e a c h 
c o n t a i n e r p u t c o l o r e d b e a d s to m o d e l t h e n u m b e r of g o a l s t h a t p l a y e r m a d e o u t 
of 24 a t t e m p t s . B lue b e a d s wi l l r e p r e s e n t g o a l s a n d r e d b e a d s r e p r e s e n t m i s s e s : 
Example: Player #16 for the Ninjas will score 11 goals in 24 attempts. Put 11 blue beads and 13 red 
beads in the jar labeled Ninjas #16. 
D o t h e s a m e for e a c h p l a y e r o n t h e t e a m , p l a c i n g 24 b e a d s in e a c h p l a y e r s ' 
c o n t a i n e r . 
• T w o m e m b e r s of t h e c lass a r e c h o s e n , o n e to r e p r e s e n t e a c h t e a m . T h e y e a c h 
d r a w a b e a d a t r a n d o m f r o m t h e five c o n t a i n e r s w h i c h r e p r e s e n t t h e i r t e a m ' s 
b e s t five p l a y e r s . T h e b e a d s a r e r e p l a c e d in the i r o r i g i n a l c o n t a i n e r s , t h e n , if t h e 
s c o r e is sti l l t i ed , a n a d d i t i o n a l r o u n d is p l a y e d u s i n g t h e c o n t a i n e r s w h i c h 
r e p r e s e n t t h e s e c o n d b e s t five p l a y e r s o n e a c h t e a m . T h i s p a t t e r n c o n t i n u e s u n t i l 
t h e t ie is b r o k e n . R e c o r d t h e f inal score . 
P a i Lai a n n o u n c e d to t h e c lass t h a t it is p o s s i b l e to u s e a c a l c u l a t o r to r a n d o m l y 
p r o d u c e n a t u r a l n u m b e r s 1 t h r o u g h 24. T r y th i s s i m u l a t i o n a g a i n u s i n g r a n d o m 
n u m b e r s g e n e r a t e d b y t h e ca l cu la to r . C o m p a r e y o u r r e s u l t s w i t h t h e first 
s i m u l a t i o n . O v e r a l o n g p e r i o d of t ime , w h i c h t e a m w o u l d y o u e x p e c t to w i n m o r e 
s h o o t o u t s ? £&> 
CALCULATOR CURIOSITIES 
c o n t i n u a t i o n f rom p a g e 5 
T h e e x p l a n a t i o n : 
T h e TI-82 ca l cu l a to r c a n o n l y d i s p l a y 10 d ig i t s of a c c u r a c y o n its s c reen . W h i l e 
19 is n o t a d i v i s o r of 45 444 672 000, e v e n once , it appears to b e a d i v i s o r , to 10 
s ign i f i can t d ig i t s , w h e n t h e d i v i s i o n is r e p e a t e d b o t h a first a n d s e c o n d t ime . 
In fact, 45 444 672 000 + 19 « 2391824842.11 a n d 45 444 672 000 - 1 9 2 « 125885518.006 
If y o u r ea l i ze t h a t 45 444 672 000 is d iv i s ib l e b y b o t h 3 a n d 5, it b e c o m e s o b v i o u s 
t h a t 15 d i v i d e s e v e n l y i n t o t h e o r i g i n a l n u m b e r , t h r e e t i m e s . 
45 444 672 000 
773 = 13 465 088 
l o 
E v e n t u a l l y , 45 444 672 000 = 13 • 14 • 153 • 162 • 172 
If you wan t to try this quest ion on a TI-85, a good number is 5 587 439 130 000. Good luck! £D 
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N U M B E R THEORY TRIVIA: AMICABLE N U M B E R S 
by: Ti tu A n d r e e s c u 
Illinois Mathematics and Science Academy 
Once upon a t ime there was a sultan who considered himself a great 
problem solver. The guards told him that one of his prisoners was a 
mathematician. The very next day he visited the captive and offered him the 
following challenge: "Either you remain in prison for the rest of your life or 
you give me a problem to solve and I will let you go free until I f ind the 
answer, but as soon as I discover the solution, off comes your head". The 
clever captive did not hesitate in accepting the deal. He gave the sultan the 
following problem: "The sum of all the natural divisors of 220, except for the 
number itself, equals 
1 + 2 + 4 + 5 + 1 0 + 1 1 + 2 0 + 22 + 4 4 + 5 5 + 110 = 2 8 4 
and the sum of all the natural divisors of 284, except for the number itself, is 
equal to 
1 + 2 + 4 + 7 1 + 142 = 220 . 
Find another pair of such numbers". 
The n u m b e r s 220 a n d 284 a re ca l led amicable. In gene ra l , w e s a y t h a t t w o p o s i t i v e 
i n t e g e r s a r e amicable o r friendly if e a c h of t h e m is e q u a l to t h e s u m of all t h e n a t u r a l 
p r o p e r d i v i s o r s of t h e o the r , i n c l u d i n g 1. 
T h e p r i s o n e r of th i s s t o ry w e n t free a n d e v e n t u a l l y d i e d of o ld a g e b e c a u s e t he s u l t a n 
w a s n e v e r ab le to so lve t h e p r o b l e m g i v e n to h i m . T h e n u m b e r s 220 a n d 284 f o r m the 
first p a i r of a m i c a b l e n u m b e r s . This p a i r w a s o r ig ina l ly f o u n d b y P y t h a g o r a s . In 
a n t i q u i t y , t he a m i c a b l e n u m b e r s w e r e t h o u g h t b y m y s t i c s to p o s s e s s m a g i c a l p o w e r s . 
A s t r o l o g e r s u s e d t he se n u m b e r s for p r e p a r i n g t a l i s m a n s a n d h o r o s c o p e s . T h e y 
b e l i e v e d t h a t a m i c a b l e n u m b e r s h a d the p o w e r to c rea te spec ia l t ies b e t w e e n 
i n d i v i d u a l s . 
E v e n t u a l l y t he mys t i c a l n o t o r i e t y of a m i c a b l e n u m b e r s c a u s e d t h e m to b e s t u d i e d 
m o r e careful ly b y n u m b e r theor i s t s . The a m i c a b l e p a i r (17,296 ; 18,416) is of ten 
a t t r i b u t e d to F e r m a t b u t w a s ac tua l ly d i s c o v e r e d b y the A r a b , a l -Banna in t h e la te 
t h i r t e e n t h or f o u r t e e n t h c e n t u r y . T h e p a i r cons i s t ing of 9,363,584 a n d 9,437,056 w a s 
f o u n d b y Desca r t e s . A r e m a r k a b l e n u m b e r of p a i r s of a m i c a b l e n u m b e r s , 59 in all , 
w e r e f o u n d b y Eule r , a m o n g t h e m the pa i r (6,232 ; 6,368) a n d the p a i r (10,744 ; 10,856). 
L o n g after Eu le r , a s ix teen y e a r o ld I ta l ian y o u t h f o u n d a smal l e r , o v e r l o o k e d p a i r of 
a m i c a b l e n u m b e r s , 1184 a n d 1210. E. Escot t w r o t e a l o n g p a p e r d e d i c a t e d to t he 
a m i c a b l e n u m b e r s , offer ing a n i n v e n t o r y of 390 a m i c a b l e pa i r s . 




 0 L 10,856 
17,296 W U
 1 8 4 1 6 
9,363,584 I lQ J J 9 4 3 7 0 5 6 
P. P o u l e t b r o u g h t o u t a n o t h e r 43 a m i c a b l e pa i r s , a m o n g t h e m t h e p a i r s 
(122,368 ; 135,536) a n d (32,685,250 ; 34,538,270). N u m e r o u s o t h e r m a t h e m a t i c i a n s 
d e v o t e d a c o n s i d e r a b l e p a r t of the i r t i m e s e e k i n g for n e w p a i r s of a m i c a b l e n u m b e r s . 
T h e r e a r e v a r i o u s m e t h o d s for d i s c o v e r i n g p a i r s of a m i c a b l e n u m b e r s . 
For e x a m p l e , if n is a pos i t i ve i n t ege r s u c h tha t 
n n+1 2 2n+l 
3 '2 - 1 , 3 '2 - 1 a n d 3 '2 - 1 a r e all p r i m e , 
n+l n n+1 n+1 2 2n+l 
t h e n 2 ( 3 2 - 1 ) ( 3 ' 2 - 1 ) a n d 2 (3 2 - 1) fo rm a n a m i c a b l e p a i r 
S h o w th is a n d ver i fy t ha t for n = l y o u get P y t h a g o r a s ' p a i r a n d for n = 3 y o u o b t a i n 
F e r m a t ' s p a i r . 
A S YET U N A N S W E R E D Q U E S T I O N S 
(1) It is n o t k n o w n w h e t h e r t h e r e exis t inf in i te ly m a n y p a i r s of a m i c a b l e n u m b e r s . 
(2) T h e r e exist p a i r s of o d d - a m i c a b l e n u m b e r s , l ike (12,285 ; 14,595) or (67,095 ; 71,145), 
b u t it is n o t k n o w n w h e t h e r t h e r e exis ts a n y s u c h p a i r w i t h o n e of t h e n u m b e r s 
o d d a n d o n e e v e n . 
(3) It is n o t k n o w n w h e t h e r t h e r e a r e p a i r s of relatively prime a m i c a b l e n u m b e r s , 
h o w e v e r , H . J. K a n o l d p r o v e d t h a t if t he r e ex i s ted a p a i r of r e l a t ive ly p r i m e 
a m i c a b l e n u m b e r s , t h e n e a c h of t h e n u m b e r s h a d to b e g r e a t e r t h a n 10 a n d t h e y 
w o u l d h a v e t o g e t h e r m o r e t h a n 20 p r i m e factors . 
The c o n c e p t of a p a i r of a m i c a b l e n u m b e r s h a s b e e n e x t e n d e d to t he n o t i o n of a 
k-tuplet of a m i c a b l e n u m b e r s b y L. E. D i c k s o n a n d Th. E. M a s o n : t he p o s i t i v e i n t e g e r s 
n , n , . . . , n , , f o r m a k - t u p l e t of a m i c a b l e n u m b e r s if t he s u m of all t he n a t u r a l p r o p e r 
d iv i so r s , i n c l u d i n g 1, of a n y o n e of t h e m is e q u a l to t h e s u m of t he o t h e r k-1 n u m b e r s . 
T h e n u m b e r s 1,980 , 2,016 a n d 2,556 c o n s t i t u t e a t r ip le t of a m i c a b l e n u m b e r s . A n o t h e r 
s u c h t r ip le t is f o r m e d b y t h e n u m b e r s 103,340,640 , 123,228,768 a n d 124,015,008. 
(4) It is a l so u n k n o w n w h e t h e r t h e r e exis t inf in i te ly m a n y k - t u p l e t s of a m i c a b l e 
n u m b e r s for s o m e p o s i t i v e i n t ege r k g r e a t e r t h a n 2. 
W e inv i t e t h e r e a d e r to u s e c o m p u t e r s in s e a r c h i n g for pa i r s , t r ip le t s , a n d m o r e of 
a m i c a b l e n u m b e r s a n d to f o r m u l a t e the i r o w n con jec tu res a b o u t t h e s e n u m b e r s . <& 
R e f e r e n c e s 
1. O. O r e , Number Theory and Its History, D o v e r P u b l i c a t i o n s , N e w York , 1988. 
2. W . S i e r p i n s k i , Elementary Theory of Numbers, W a r s z a w a , 1964. 
r ^ l M S A 
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FACTORIAL E X P L O R A T I O N S 
by : C h a r l e s L. H a m b e r g 
Illinois Mathematics and Science Academy 
T h e f o l l o w i n g p r o b l e m s w e r e p o s e d to m y s t u d e n t s in P r o b l e m S o l v i n g . 
F i n d t h e l a r g e s t p r i m e factor of: a) 29! + 30! 
b) 38! + 39! 
T h e s t u d e n t s o l u t i o n s a r e p r e s e n t e d : 
a) 29! + 30! 
29!(1 + 30) 
29!(31) 
T h e l a r g e s t p r i m e fac tor is 31. 
b) 38! + 39! 
38!(1 + 39) 
38!(40) 
38!(23)(5) 
T h e l a r g e s t p r i m e factor is 37. 
A t t h i s p o i n t a s t u d e n t a s k e d t h e q u e s t i o n : 
Is t h e s u m of t w o c o n s e c u t i v e fac tor ia ls n! + (n + 1)! a l w a y s e q u a l t o 
n ! (n + 2)2 
T h e v e r i f i c a t i o n w a s easy : 
n! + (n + 1)! = n ! ( l + (n + 1)) = n! (n + 2) 
W e t h e n p r o c e e d e d to t h e n e x t q u e s t i o n : 
F i n d t h e l a r g e s t p r i m e factor of 18! + 19! + 20! 
A s t u d e n t s o l u t i o n w a s t h e n g i v e n : 
= 18!(1 + 19 + 19 • 20) 
= 18!(400) 
=18!(24 • 5 2 ) 
T h e l a r g e s t p r i m e fac tor is 17. 
A s e c o n d s t u d e n t o b s e r v e d : 
A t h i r d s t u d e n t o b s e r v e d : 
18! + 19! + 20! 
= 18!(1 + 19 + 19 • 20) 
= 18!(400) 
= 18! (202) 
18! + 19! + 20! 
= 18!(1 + 19 + 19 • 20) 
= 18!(20 + 19 • 20) 
= 18!(20)(1 + 19) 
18!(202) 
r ^ l M S A 
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A f o u r t h s t u d e n t a s k e d : Wil l n! + (n + 1)! + (n + 2)! = n! (n + 2) 2 b a s e d u p o n t h e 
p r e v i o u s o b s e r v a t i o n of: n! + (n + 1)! = n! (n + 2)! 
T h e r e s u l t i n g a r g u m e n t g e n e r a t e d m o r e in t e re s t ! 
n! + (n + 1)! + (n + 2)! 
= n ! [ l + (n + 1) + (n + l ) ( n +2)] 
= n![(n + 2) + (n + l ) ( n + 2)] 
= n! (n + 2)[1 + (n + 1)] 
= n! (n + 2) 2 
A t th i s p o i n t s t u d e n t s w e r e r e a d y to p u t fo r th fu r t he r con j ec tu r e s b a s e d u p o n : 
n! + (n + 1)! = n! (n + 2) 1 ( p r o v e d ) 
n! + (n + 1)! + (n + 2)! = n ! (n + 2) 2 ( p r o v e d ) 
n! + (n + 1)! + (n + 2)! + (n + 3)! = n! (n + 2) 3 ( c o n j e c t u r e d ) 
W h e n a p r o o f w a s a t t e m p t e d a w o n d e r f u l t h i n g h a p p e n e d ! T h e c o n j e c t u r e d i d n o t 
h o l d . 
M y s t u d e n t s l e a r n e d t h a t p a t t e r n i n g a n d c o n j e c t u r i n g is fun , b u t t h a t ve r i f i c a t i on 
a n d p r o o f a r e n e c e s s a r y i n o r d e r n o t t o l e a p t o o q u i c k l y (or eas i ly ) t o i l l - a d v i s e d 
c o n c l u s i o n s . &n 
T h e U n i t C i r c l e R e v i s i t e d : 
In d e v e l o p i n g a t y p i c a l u n i t circle m o d e l 
for t r i g o n o m e t r y , w e s e e t h a t for a n y 
a n g l e , OC, in s t a n d a r d p o s i t i o n , w e c a n 
f ind s e g m e n t s w h o s e l e n g t h s a r e t h e 
s i n e a n d c o s i n e of a . 
P M = s in a a n d O M = cos a 
N o t i c e t h e " P y t h a g o r e a n Iden t i t y " : 
s i n 2 a + cos2OC = 1 
is m o d e l e d b y t h e r i g h t t r i a n g l e M O P . 
W e c a n e x t e n d t h e t e r m i n a l r a y O P a n d d r a w t a n g e n t s : SQ, TR, a n d W V to m e e t 
OP. 
See if y o u c a n f ind s e g m e n t s in t h e f i gu re w h o s e l e n g t h s a r e t h e t a n g e n t , s e c a n t , 
c o s e c a n t a n d c o t a n g e n t of OC. Al so , f ind as m a n y r e l a t i o n s h i p s b e t w e e n 
t r i g o n o m e t r i c f u n c t i o n s , m a d e e v i d e n t b y t h e d i a g r a m . W a t c h for t w o o t h e r 
P y t h a g o r e a n I d e n t i t i e s a s w e l l as s o m e o t h e r i n t e r e s t i n g f o r m u l a s s u c h as: 
cot a + t a n a = sec a • esc a . < G. Milauskas > 
• ^ I M S A 
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A I D S T E S T I N G A N D T H E U S E OF PROBABILITY 
by : D e n e b Bates a n d M a r g a r e t Lil ly, C l a s s of '94 
Illinois Mathematics and Science Academy 
T H E S I T U A T I O N : 
Suppose that the House of Delegates of the American 
Medical Association has decided to recommend that all 
physicians be tested for the Human Immunodeficiency 
Virus (HIV). This is the virus which causes AIDS. They 
want to include in their recommendation the format (or 
protocol) that testing should take. 
A S E E M I N G L Y C L E A R - C U T C H O I C E : 
If t w o t e s t s a r e a v a i l a b l e a n d w h a t is k n o w n is t h a t 
T e s t A is 95% effect ive in 
d e t e c t i n g t h e H I v i r u s w h e n it 
is p r e s e n t 
Test B is 92% effect ive in 
d e t e c t i n g t h e H I v i r u s w h e n it 
is p r e s e n t 
it s e e m s o b v i o u s t h a t t h e H o u s e of D e l e g a t e s w o u l d r e c o m m e n d t h e t es t w h i c h is 
95% effect ive . 
U n f o r t u n a t e l y , cho ices a b o u t c o m p l e x i s s u e s a r e r a r e l y t h a t c l ea r -cu t . A 
m e d i c a l t e s t u s u a l l y h a s , n o t o n e , b u t two p e r c e n t a g e s w h i c h d e s c r i b e i ts 
e f fec t iveness . In fact, t h e tes t s a b o v e a r e m o r e c o m p l e t e l y d e s c r i b e d b y s a y i n g t h a t 
T e s t A is 95% effective in 
d e t e c t i n g t h e H I v i r u s w h e n it 
is p r e s e n t b u t g i v e s a false 
positive r e s u l t 4 % of t h e t i m e 
Test B is 92% effect ive in 
d e t e c t i n g t h e H I v i r u s w h e n it is 
p r e s e n t b u t g i v e s a false positive 
r e s u l t 2 % of t h e t i m e 
W H A T " W O R K S " R E A L L Y M E A N S : 
T h e first p e r c e n t a g e in e a c h d e s c r i p t i o n a b o v e g i v e s t h e p r o b a b i l i t y of t h e tes t 
d e t e c t i n g the v i r u s w h e n it i s present . T h e s e c o n d p e r c e n t a g e g i v e s t h e p r o b a b i l i t y of 
t h e tes t r e turn ing a p o s i t i v e resul t w h e n the v i rus is no t rea l ly present , a false 
positive. 
For Tes t A: 
If a d o c t o r is H I V + 
T h e p r o b a b i l i t y of a co r r ec t d i a g n o s i s is 0.95. 
T h e p r o b a b i l i t y of a n i nco r r ec t d i a g n o s i s is 
0.05. 
If a d o c t o r is H I V -
T h e p r o b a b i l i t y of a co r rec t d i a g n o s i s 
is 0.96. T h e p r o b a b i l i t y of a n 
i nco r r ec t d i a g n o s i s is 0.04. 
r ^ l M S A 
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For Tes t B: 
If a d o c t o r is H I V + 
T h e p r o b a b i l i t y of a co r r ec t d i a g n o s i s is 0.92. 
T h e p r o b a b i l i t y of a n i nco r r ec t d i a g n o s i s is 
0.08. 
If a d o c t o r is H I V -
T h e p r o b a b i l i t y of a co r r ec t d i a g n o s i s 
is 0.98. T h e p r o b a b i l i t y of a n i n c o r r e c t 
d i a g n o s i s is 0.02. 
In i t ia l r e a c t i o n to t h i s q u e s t i o n m i g h t w e l l b e to s i m p l y s a y t h a t t h e r e w a s a 
5% e r r o r in e f fec t iveness of t h e first t e s t in d e t e c t i n g t h e d i s e a s e w h e n it is p r e s e n t 
a n d a 4 % e r r o r d u e to false p o s i t i v e for a to t a l 9% e r r o r for t h e first t es t . S imi l a r ly , 
o n e c o u l d a d d t h e 8% a n d t h e 2% for t h e s e c o n d tes t t o o b t a i n a n e r r o r v a l u e of 10%. 
T a k i n g t h e s e n u m b e r s a t face v a l u e , it a p p e a r s t h a t t h e first t e s t is m o r e effect ive. 
To tes t t h i s c o n c l u s i o n w e d e c i d e d to u s e a t r ee d i a g r a m to a n a l y z e t h e effect of 
t h e t w o t e s t s o n d i f fe ren t p o p u l a t i o n s of d o c t o r s . W e c h o s e a h y p o t h e t i c a l 
p o p u l a t i o n s i ze of 100,000 d o c t o r s , a n d w e c h o s e t w o e x t r e m e h y p o t h e t i c a l 
p e r c e n t a g e s of H I V in fec t ion of t h a t p o p u l a t i o n . 
S u p p o s e t h a t o u t of 100,000 d o c t o r s , 99%, o r 99,000 
of t h e d o c t o r s t e s t e d , c a r r y t h e H I v i r u s . 







T h e to t a l n u m b e r of c o r r e c t 






















T h e to t a l n u m b e r of i n c o r r e c t 
r e s u l t s f r o m Tes t A C a s e 1 is: 
T h e p r o b a b i l i t y of a co r r ec t 
r e s u l t f r o m Tes t A C a s e 1 is: 
c o r r e c t r e s u l t s 
100000 = 






























T h e t o t a l n u m b e r of co r r ec t 
r e s u l t s f r o m Tes t B C a s e 1 is: 
T h e t o t a l n u m b e r of i n c o r r e c t 
r e s u l t s f r o m Tes t B C a s e 1 is: 
T h e p r o b a b i l i t y of a co r rec t 
r e s u l t f r o m Tes t B C a s e 1 is: 
c o r r e c t r e s u l t s 
100000 = 
T h e s c e n a r i o t h a t 9 9 % of d o c t o r s a r e H I V + s e e m s h i g h l y u n l i k e l y . 
S u p p o s e t h a t o u t of 100,000 d o c t o r s , o n l y 1%, or 1,000 of 
t h e d o c t o r s t e s t e d , c a r r y t h e H I v i r u s . 





























T h e to t a l n u m b e r of c o r r e c t 
r e s u l t s f rom Tes t A C a s e 2 is: 
T h e t o t a l n u m b e r of i n c o r r e c t 
r e s u l t s f r o m Tes t A C a s e 2 is: 
T h e p r o b a b i l i t y of a co r rec t 
r e s u l t f r o m Tes t A C a s e 2 is: 
c o r r e c t r e s u l t s 
100000 = 
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TESTB 
CASE 2 T h e to t a l n u m b e r of c o r r e c t 
r e s u l t s f r o m Tes t B C a s e 2 is: 
92%, 
100,000 























T h e to t a l n u m b e r of i n c o r r e c t 
r e s u l t s f r o m Tes t B C a s e 2 is: 
T h e p r o b a b i l i t y of a co r r ec t 
r e s u l t f r o m Tes t B C a s e 2 is: 
c o r r e c t r e s u l t s 
100000 = 
Y o u p r o b a b l y h a v e n o t i c e d t h a t in C a s e 1, Tes t A is s l i gh t ly m o r e r e l i ab l e 
w h i l e in C a s e 2, Tes t B is t h e m o r e a c c u r a t e tes t . S o m e w h e r e in b e t w e e n 99% H I V + 
a n d 1% H I V + is a p o p u l a t i o n of d o c t o r s for w h i c h e i t he r tes t is e q u a l l y effect ive. 
C o m p l e t e t h e t r e e d i a g r a m s b e l o w , set t h e p r o b a b i l i t y of co r r ec t r e s u l t s e q u a l t o o n e 




































% H I V + Tes t A a n d T e s t B a r e F o r a p o p u l a t i o n of d o c t o r s t h a t is 
e q u a l l y co r rec t . 
In d e c i d i n g o n y o u r r e c o m m e n d a t i o n t o t h e A M A H o u s e of D e l e g a t e s , y o u 
m a y w a n t to i n c l u d e s o m e ethical c o n s i d e r a t i o n s as w e l l a s s t r i c t ly m a t h e m a t i c a l 
o n e s . Is it m o r e s e r i o u s , in y o u r o p i n i o n , for t h e tes t to fail to i den t i fy d o c t o r s w h o 
c a r r y t h e H I v i r u s o r t o iden t i fy a s p o s i t i v e t h o s e d o c t o r s w h o d o n o t c a r r y t h e v i r u s ? 
It is p o s s i b l e t h a t y o u m a y w a n t to r e c o m m e n d r e p e a t e d t e s t i ng . D o c t o r s w h o 
tes t p o s i t i v e w i t h o n e tes t , m i g h t b e r e q u i r e d to b e r e t e s t e d . All d o c t o r s c o u l d b e 
t e s t e d t w i c e ; in t h i s c a se w h i c h tes t w o u l d b e t h e bes t ? W o u l d b o t h t e s t s h a v e to b e 
p o s i t i v e o r is o n e suff ic ient to d e s i g n a t e a d o c t o r a s a ca r r i e r of t h e H I v i r u s ? D o e s it 
m a t t e r w h i c h t es t is g i v e n first a n d w h i c h is g i v e n as a f o l l o w - u p ? 
Y o u m i g h t w a n t to m a k e t r ee d i a g r a m s for s e v e r a l m o r e s c e n a r i o s to tes t y o u r 
r e s p o n s e s . £D 
M a t h m a n 
M a t h M a n h a p p i l y u n c r a t e s a 
r e c e n t a c q u i s i t i o n of a r t w o r k s t h a t 
h e p i c k e d u p at t h e P e n r o s e A r t 
A u c t i o n . H e p r o u d l y b r o u g h t 
t h e m h o m e af ter o u t b i d d i n g 
s o m e g u y n a m e d Esche r . 
r ^ l M S A 
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T H E A L G E B R A OF A V E R A G E S 
by: G e o r g e M i l a u s k a s 
Illinois Mathematics and Science Academy 
O n e of ten s p e a k s of t h e average o r mean of a set of n u m b e r s . T h e s e w o r d s a r e 
a c t u a l l y r a t h e r a m b i g u o u s w h e n w e c o n s i d e r t h a t t h e r e a r e m a n y t y p e s of a v e r a g e . 
E a c h of t h e f o l l o w i n g is a t y p e of m e a n . 
Arithmetic Mean: 
A . M . = 





G.M. = A/ a-b o r -y a-b-c o r -W a —a 
Harmonic Mean 
H . M . = 
Root-Mean-Square: 
" 1 11 






_ n _ 
- 1 
R.M.S. 
So w e m i g h t a s k t h e q u e s t i o n , " W h a t d o all of t h e s e h a v e in c o m m o n t h a t m a k e s 
t h e m all m e a n s ?" I d i s c o v e r e d t h a t all of t h e m e a n s a b o v e h a v e a c o m m o n 
c o n s t r u c t . F o r e a c h of t h e m t h e r e ex i s t s a strictly increasing o r strictly decreasing 
f u n c t i o n , f, for w h i c h t h e " / - m e a n " is d e t e r m i n e d b y : 
- i / f ( a ) + / ( b ) 
"f - m e a n " of (a,b) = f f M
 2 '
V 
T h a t is, t h e / - m e a n of a set of n u m b e r s c a n b e d e t e r m i n e d b y a p p l y i n g f t o e a c h 
n u m b e r , t a k i n g t h e a r i t h m e t i c m e a n ( s i m p l e a v e r a g e ) of t h e r e s u l t i n g v a l u e s , a n d 
t h e n a p p l y i n g t h e i n v e r s e of f to t h e r e su l t . 
For e x a m p l e , t h e H a r m o n i c M e a n of a a n d b is d e t e r m i n e d b y t h e f u n c t i o n f (x) 
-i. N o t i c e first t h a t f (x) = 
1 
H . M . = t h e r e c i p r o c a l of t h e a v e r a g e of t h e r ec ip roca l s of a a n d b 
« a ) + / ( b ) ' 1 + s ' 
a b 
V / 
a + b _•, / a + b \ 2 • a • b 
w h i c h s impl i f i e s to: ^ T b a n d * 2 7 a T b = ^ T b ~ 
t h e H a r m o n i c M e a n . 
1 / 1 - a + l -b 
T h e A r i t h m e t i c M e a n u s e s t h e i d e n t i t y func t ion : f(x) = 1-x so A . M . = y ~-~ 
See if y o u c a n f ind a func t ion , f, t h a t " d e t e r m i n e s " t h e R o o t - M e a n - S q u a r e in t h e 
s a m e w a y . F i n d s u c h a func t i on for t h e G e o m e t r i c M e a n . (Try to f ind t h e s e 
func t ions b e f o r e y o u r e a d t h e n e x t page . ) 
r ^ l M S A 
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D e t e r m i n i n g m e a n s g r a p h i c a l l y f r o m / . 
O n e c a n ge t a b e t t e r fee l ing for t h e n a t u r e of 
m e a n s b y g r a p h i n g t h e / f u n c t i o n a n d 
o b s e r v i n g t h a t t h e a v e r a g e of / ( a ) a n d / ( b ) 
c r o s s e s t h e c u r v e / a t a p o i n t d i r e c t l y a b o v e 
t h e / - a v e r a g e of a a n d b . 
In t h e g r a p h a t t h e r i g h t , t h e f u n c t i o n 
f(x) = x 2 is s k e t c h e d . If w e a v e r a g e t h e 
h e i g h t s , / ( a ) a n d / ( b ) , for t w o v a l u e s , 
a a n d b , the value of x for which: 
/ ( a ) + / ( b ) a 2 + b 2 
/ ( x ) = 2 = — 2 — 
is t h e R o o t M e a n S q u a r e of a a n d b . 
T h a t is / ( R M S ( a , b ) ) = y - c o o r d i n a t e of t h e 
i n t e r s e c t i o n of t h e d i a g o n a l s . 
O b s e r v e in t h e f i gu re s b e l o w h o w t h e g r a p h s 
1 
of / ( x ) = x, / ( x ) = - , a n d / ( x ) = log(x) , c a n b e u s e d to d e r i v e t h e 
A r i t h m e t i c , H a r m o n i c a n d G e o m e t r i c m e a n s , r e s p e c t i v e l y . 
«b)=(b) 
A.M. 
/ ( x ) = log(x) 









G T M T 
N o t i c e t h a t t h e g e o m e t r i c m e a n is d e t e r m i n e d b y t h e func t ion : / ( p ) = log (p ) 
| = V a - b , log(a ) + l o g ( b ) \ T 1/2 G M == a n t i l o g 6 V ' — ^ - L ) = anti logl_log(a-b) 
r ^ l M S A 
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See if y o u c a n p r o v e e a c h of t h e f o l l o w i n g f o r m u l a s t h a t r e l a t e t h e fou r m e a n s 
b - a 
to e a c h o t h e r a n d to M.D. , t h e " M e a n Dif ference" , — — . 
1. H . M . 
(G.M.) ' 
A . M . 
2. (R.M.S.) 2 + (G.M.) 2 = 2 • (A.M.) 2 
3. GM[a,b] = GM[AM(a ,b ) ,HM(a ,b ) ] 
4. H.M. < G.M. < A.M. < R.M.S. 
with equality only when the numbers 
being averaged are identical. 
5. (A.M.) 2 - (M.D.) 2 = (G.M.) 2 
6. (A.M.) 2 + (M.D.) 2 = (R.M.S.) 2 
9a-h 
7. H .M. (a ,b )= ^ § and 
H-M.(a,b,c) =






c ^ c . a 
If a + b x + c x = 0 , H M ( r b r 2 ) = 
And in general: 
a + lx = 0 
a + bx + x = 0 
2 3 _ 
a + bx + cx + x = 0 (see 7.) 
2 3 4 
a+bx+cx +dx +x = 0 
a+bx+cx + ...+x = 0 
2-r,-r2 
r, + r2 
H M of roots = 
H M of roots = 
H M of roots = 
H M of roots = 












Write a formula for the A M and RMS of the roots of each polynomial. 
9. I n v e s t i g a t e t h e func t ion : / ( x ) = - ^ 
x 
( G . M . ) 2 
a n d s h o w t h a t i ts " m e a n " is e q u i v a l e n t t o
 R r r c 
G M of roots = - a 
G M of roots = Va 
G M of roots = - Va 
n 
G M of roots = Va 
G M o f r o o t s = ( - l ) " V a " ^ 
10. I n v e s t i g a t e t h e func t ion : / ( x ) = *y x 
a n d s i m p l i f y i ts " m e a n " in t e r m s of o t h e r m e a n s . 
I e n c o u r a g e t h e r e a d e r t o s e e k o t h e r func t i ons , / , t h a t c o u l d b e u s e d to f o r m u l a t e 
a d d i t i o n a l m e a n s a n d a l so l o o k for p o s s i b l e a p p l i c a t i o n s . S e n d y o u r d e r i v a t i o n a n d 
a n y o t h e r c o n n e c t i o n s to t h i s a u t h o r a t t h e a d d r e s s i n s i d e t h e f ron t c o v e r . i& 
For f u r t h e r i n f o r m a t i o n , refer t o T H E G E O M E T R Y O F M E A N S ar t i c le in t h e I M S A 
M a t h J o u r n a l ; V o l u m e II; Fal l 1993 for c o n n e c t i o n s to w a y s m e a n s o c c u r i n t h e 
s t u d y of g e o m e t r y . 
r ^ l M S A 
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I N T E G R A T I N G WITH LIMITS: THE PHYSICS VIEW 
by: Michae l S loan 
Illinois Mathematics and Science Academy 
O n e of t he w a y s t h a t phys ic i s t s a n d m a t h e m a t i c i a n s differ in the i r r e spec t ive u s e of 
ca l cu lus is t ha t m a t h p e o p l e u s u a l l y i n t eg ra t e w i t h o u t l imi t s w h i l e p h y s i c s p e o p l e 
a l m o s t a l w a y s i n t e g r a t e w i t h l imits . In phys ics , t he l imi t s p l a y a n of ten c ruc ia l ro le in 
u n d e r s t a n d i n g t h e r e su l t s of t he in t eg ra t ion . H e r e ' s a s i m p l e e x a m p l e f rom k inema t i c s . 
S u p p o s e a n object is m o v i n g w i t h a u n i f o r m acce lera t ion , a. Since acce le ra t ion is t he 
dv 
t i m e r a t e -o f -change of ve loc i ty , - j r , w e can wr i t e : 
dv 
-jr = a o r dv = a dt 
i n t e g r a t i n g , w e h a v e 
jdv = J a d f 
If w e p e r f o r m th i s i n t e g r a t i o n w i t h o u t l imits , w e wi l l ge t a n a r b i t r a r y c o n s t a n t 
v = at + c 
a n d it is difficult to a s s ign a phys ica l s ignif icance to this cons tan t . But, s u p p o s e w e 
d e c i d e to i n t e g r a t e ove r t he def in i te t ime in t e rva l f rom 0 to t s econds . The object 's 
ve loc i ty w a s v 0 a t t = 0 a n d b e c a m e v a t t = t. Therefore , 
v t 
J dv = j a dt w h i c h after i n t e g r a t i o n b e c o m e s 
v0 0 
v - v 0 = a (t-0) o r 
v = v 0 + at (1) 
N o w , t h e m e a n i n g of t he c o n s t a n t b e c o m e s clear; i t 's jus t the ini t ia l ve loci ty , v 0 . 
dx 
Similar ly , if w e look at t h e object 's d i s p l a c e m e n t , x, w e see t ha t s ince v = -37, 
jdx = j v dt 
If w e i n t e g r a t e ove r t he s a m e def ini te t i m e in te rva l as w e d i d be fore (0 to t), w e h a v e the 
object a t x 0 w h e n t = 0, a n d a t x w h e n t = t. So, 
x t 
j d x = j v dt s u b s t i t u t i n g for v f rom e q u a t i o n (1) 
x 0 u 
x t 
J dx = J (v0 + at) dt 
x 0 0 
i n t e g r a t i n g , w e h a v e 
x = x 0 + v 0 t + 2 a t 2 . (2) 
H ^ I M S A 
21 
A g a i n , the c o n s t a n t for e q u a t i o n (2) c o m e s d i rec t ly f rom the i n t e g r a t i o n l imits . 
But the u s e of def in i te in teg ra l s can d o m u c h m o r e t h a n s u p p l y m e a n i n g f u l i n t e g r a t i o n 
cons t an t s . It c a n s o m e t i m e s p r o v i d e a n u n e x p e c t e d ins igh t in to t he w o r k i n g s of N a t u r e . 
C o n s i d e r t he fo l lowing s i tua t ion . A p o i n t mass , m , is p l a c e d a d i s tance , r, f rom the 




W e w a n t to f ind t h e g r av i t a t i ona l force of a t t r ac t ion b e t w e e n the shel l a n d m . T h e shel l 
h a s a r a d i u s , R, a n d is h thick. O n e w a y to so lve this p r o b l e m is to i m a g i n e the shel l 
d i v i d e d in to a ser ies of "hoops ." Each h o o p is h thick a n d R de w i d e . 
If w e cons ide r a n y smal l p iece of the h o o p , d M , say a p iece a t t he top , it w o u l d exer t a 
G d M m , 
force o n m a l o n g s e q u a l to ^ . l But, s ince the re a l w a y s exis ts a n o t h e r p iece of 
h o o p d i ame t r i c a l l y o p p o s i t e (in th is case, at the b o t t o m of t he h o o p ) t he c o m p o n e n t s of 
force t r a n s v e r s e to t he axis cancel ou t , a n d w e n e e d cons ide r on ly t he c o m p o n e n t a l o n g 
G d M m 
the axis: F n e t = ^ cos a . All the different ial p ieces of a n i n d i v i d u a l h o o p 
c o n t r i b u t e e q u a l l y so w e can let d M r e p r e s e n t the m a s s of the en t i re h o o p . Since t he 
shel l is of u n i f o r m th ickness , the m a s s of a n y h o o p , d M , is p r o p o r t i o n a l to i ts v o l u m e , 
d V . 
d M d V 
M = V 
The v o l u m e of t he h o o p in t he f igure is its th ickness , h , t imes its w i d t h , R de , t i m e s i ts 
c i r cumfe rence , 27iR s in e. T h e v o l u m e of t he en t i re shell , V , is 47tR2h. So 
d M = 
M d V M • 27tR2h s i n 6 de M 
V 4 ; rR 2 h s in e de 
A h o o p , therefore , p u l l s o n the m a s s , m , w i t h a force 
G M m 
d F = — ^ — cos a s i n e de 
N o w , all w e h a v e to d o is a d d u p all the h o o p s tha t c o m p r i s e the shell . 
1
 This is Newton's gravitational force law. The force between two point masses varies directly with the 
size of the masses and varies inversely with the square of the separation distance. 
H ^ I M S A 
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, G M m 
F = J d F = - ^ 
" cos a s in 0 de 
— ? — P ) 
It 's a l i t t le difficult to a s s ign l imits to th is in tegra l b e c a u s e it l ooks as if w e a r e 
i n t e g r a t i n g t h r e e different var iab les : the ang l e s a a n d e a n d the d i s tance , s. But these 
t h r e e v a r i a b l e s a r e not i n d e p e n d e n t of o n e a n o t h e r . Look a t t h e t r i ang l e f o r m e d b y r, 
t he d i s t a n c e f rom the cen te r of the shel l to t he par t ic le , s, the d i s t ance f rom the h o o p to 
the par t ic le , a n d R, t he r a d i u s of t he shell . 
If w e u s e t he l a w of cos ines w e have , 
s 2 = R 2 + r 2 - 2Rr cos 0 
Since r a n d R a re cons t an t , w e can eas i ly t ake t he different ial of th i s e q u a t i o n to get , 




s in 0 d0 = - j j j (4) 
Tha t w o r k e d so wel l , let 's t ry u s i n g the l a w of cos ines a g a i n o n the s a m e t r iangle . 
R2 -
 s 2 + r2 _ 2sr cos a 
o r 
s 2 + r 2 - R 2 
c o s a = ^ (5) 
Let 's s u b s t i t u t e e q u a t i o n s 4 a n d 5 in to e q u a t i o n 3. 
G M m 
F = 
f s 2 + r 2 - R 2 
ds 2 R r 2 s 2 
W e c a n s e p a r a t e t h i s e x p r e s s i o n i n to t w o in tegra l s . 
G M m , GMm(r 2 -R 2 ) , „ 
F =
 l R ^ J d s + i R r 2 > d s 
A n d n o w , w i t h s a s t h e o n l y va r iab le , w e c a n d e t e r m i n e l imits . W e w a n t to a d d u p the 
h o o p s f rom the n e a r e n d of t h e shell , r - R, to t he far e n d of t he shel l , r + R. So, 
^ , , , r+R __ , . „ „ „ . r+R 
G M m , GMm(r 2 -R 2 )
 f „ 
¥ = m * I * *
 4 R r a / « * * (6) 
r-R r-R 
After i n t e g r a t i o n w e h a v e 
G M m GMm(r 2 -R 2 )
 f 1 
F = ~ 7 ^ (2R) 4 R r 2 w - 4 R r 2 ^r-R r+R 
o r 
G M m G M m G M m 
F =
 2r2 + 2r2 = r2 
This is N e w t o n ' s l a w of g r av i t a t i ona l force b e t w e e n t w o p o i n t m a s s e s m a n d M , a 
d i s t ance , r, apa r t . In o t h e r w o r d s , it 's a s if all t he m a s s in t he shel l w e r e c o n c e n t r a t e d a t 
t he g e o m e t r i c cen te r of t he shell . This m a y b e in te res t ing , b u t it 's h a r d l y s u r p r i s i n g , a n d 
ce r t a in ly n o t "an u n e x p e c t e d i n s igh t i n to t h e w o r k i n g s of N a t u r e . " T h e i n s i gh t c o m e s 
w h e n y o u ask t he ques t i on , "Wha t h a p p e n s if w e m o v e the pa r t i c le to a p o i n t i n s i d e 
t he shel l — n o t a t t he cen te r w h i c h is a specia l case, b u t to any other p o i n t ins ide?" 
F i g u r e 2 s h o w s th i s s i t ua t ion . 






If y o u look a t t he d i a g r a m , you ' l l see t ha t n o t h i n g h a s rea l ly c h a n g e d in o u r ana lys i s . 
W e c a n still d i v i d e t h e shel l i n to h o o p s . Each h o o p still h a s t he s a m e effect o n t h e 
par t ic le . T h e o n l y di f ference lies in t he limits. If t he pa r t i c le is p l a c e d i n s i d e t he shel l , 
t h e n w h e n w e a d d u p the h o o p s f rom o n e e n d of t he shel l to t he o the r , w e ' r e s u m m i n g 
f rom R - r to R + r. E q u a t i o n 6, o u r in t eg ra l for to ta l force n o w looks l ike 
F = 
G M m 
4Rr 2 
R+r 
J d s 
R-r 
After i n t e g r a t i o n w e h a v e 





G M m 
2rR 
(2r) + 
GMm(r 2 -R 2 ) 
4Rr 2 
R+r 
J" s"2 ds 
R-r 
GMm(r 2 -R 2 ) 






In o t h e r w o r d s , t h e r e is n o g r av i t a t i ona l force o n a m a s s anywhere i n s i d e a h o l l o w 
shell . This is a n ins igh t . A n d it app l i e s n o t o n l y to g r av i t a t i ona l forces b u t a l so to any 
force w h o s e in t ens i ty va r i e s i nve r se ly as t he s q u a r e of d i s tance . For e x a m p l e , t he electr ic 
force. O u r i n s igh t h e r e p r e d i c t s t ha t t he re w o u l d b e n o electric force o n a c h a r g e i n s ide a 
h o l l o w , c h a r g e d , c o n d u c t i n g s p h e r e . A n d all f rom i n t e g r a t i n g w i t h l imi ts . A 
M a t h m a n 
M a d e for e a c h o the r . A M a t h e m a t i c a l P r o p o s i t i o n F o r m i n g a R e l a t i o n s h i p 
r ^ l M S A 
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APPLYING THE VERTICAL LINE TEST . . . BE CAREFUL! 
by: Cha r l e s L. H a m b e r g 
Illinois Mathematics and Science Academy 
T h e r e a r e t i m e s w h e n s t u d e n t s fo l low p r o c e d u r e s , o b t a i n co r rec t a n s w e r s a n d 
t h e n m o v e o n w i t h o u t c o m p l e t e u n d e r s t a n d i n g of t h e c o n c e p t s a t h a n d . S o m e t i m e s 
t h e s t u d e n t s e v e n l e a v e w i t h incor rec t p e r c e p t i o n s . A s t eache r s w e m u s t t ake 
r e s p o n s i b i l i t y for s u c h h a p p e n i n g s . 








D i a g r a m #1 D i a g r a m #2 
W h i c h of t h e r e l a t i o n s s h o w n a b o v e a r e func t ions? 
D i a g r a m # 3 
Typ ica l ly , s t u d e n t s wi l l "b l indly" fo l low the ver t i ca l l ine tes t w i t h l i t t le o r n o r ea l 
t h i n k i n g t a k i n g p l ace . T h e s t u d e n t s w i l l b o l d l y d e c l a r e t h a t n o n e a r e func t ions s ince 
in e a c h g r a p h a ve r t i ca l l ine c a n b e d r a w n t h a t c o n t a i n s m o r e t h a n 1 p o i n t of t h e 
g r a p h . 
E a c h of t h e g r a p h s c o u l d eas i ly r e p r e s e n t a funct ion: 
In D i a g r a m #1 -- t h e g r a p h c o u l d r e p r e s e n t a func t ion of y. T h a t is, x = f(y). T h e g r a p h 
c o u l d b e i n t e r p r e t e d to r e p r e s e n t d a t a w h e r e each y - v a l u e h a s exac t ly o n e x - v a l u e 
a s s o c i a t e d w i t h it. 
I n D i a g r a m #2 — s u p p o s e t h a t t h e circle s h o w n w a s g r a p h e d b y u s i n g p a r a m e t r i c 
r e l a t i ons x = 4 cos t a n d y = 4 s in t. T h u s , t he g r a p h r e p r e s e n t s a p a r a m e t r i c func t ion 
w h e r e e a c h t v a l u e p r o d u c e s a u n i q u e (x,y) v a l u e . 
In D i a g r a m #3 — s u p p o s e t h a t e a c h x -va lue w e r e to m a p in to a c losed in t e rva l [a,b]; i.e. 
s u p p o s e f(x) = [ INT(x) , INT(x + 1)] . C lea r ly , each x m a p s a u n i q u e in te rva l , t ha t is 
INT(x) < y < INT(x + 1). H e n c e , f is a funct ion . 
O n the su r face w e m a y a p p e a r to b e too "picky" s ince m a n y s t u d e n t s m a y n e v e r 
e n c o u n t e r s u c h func t ions . E v e n so, w e n e e d to t h i n k a b o u t w h a t w e teach, a n d 
c o n t i n u a l l y l ook for rea l w o r l d a p p l i c a t i o n s a n d e x a m p l e s . 
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In c los ing , c o n s i d e r d a t a t a k e n f rom a r ecen t I A M S d o g food a d v e r t i s e m e n t . 
C u p s Per D a y for W e i g h t M a i n t e n a n c e W e i g h t in P o u n d s 
3 to 10 
10 to 20 
20 to 30 
30 to 40 
40 to 60 
60 to 80 

















- 3 j 
- * i 
- 5 1 
- 6 












//// S S S 
W / / / A 
3 10 20 30 40 50 60 70 80 90 100 
Is t he g r a p h a func t ion? £% 
T h e fo l l owing e x a m p l e is offered in 
c o n j u n c t i o n w i t h t h e a b o v e ar t ic le : 
f(x) < 2x + 5 for y > 0 can b e t h o u g h t of 
as a func t ion of x w i t h i n t e r v a l s a s 













< Dr. Stanley Hartzler > 
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FICA TAXES A N D C O M P O U N D F U N C T I O N S 
by: C h a r l e s L. H a m b e r g a n d S u s a n M. Yates 
Illinois Mathematics and Science Academy 
T h e f o l l o w i n g i n f o r m a t i o n w a s p u b l i s h e d to p r o v i d e h e l p for d e t e r m i n i n g social 
s ecu r i ty a n d M e d i c a r e d e d u c t i o n s for 1993 a n d 1994. 
FICA U p d a t e 
Here is important information you and your students can use to plan 1993 tax returns and verify 
1994 paychecks: 
1993A* 1993Bt 1993 Tota l 
FICA Percent 
Maximum Income 
Subject to FICA Tax 
6 .20% 
$57,600 
Maximum FICA Tax $3,571.20 
*Social Security portion of the tax 

















S o m e p o s s i b l e q u e s t i o n s a n d the i r a n s w e r s fol low. C o v e r t h e b o t t o m of t h e p a g e a n d 
t ry t h e q u e s t i o n s be fo re c o n t i n u i n g . 
• W r i t e a func t ion , f , to r e p r e s e n t t he to ta l 1993 d e d u c t i o n s for socia l s e c u r i t y a n d 
M e d i c a r e for x d o l l a r s of i n c o m e subjec t t o F I C A taxes . 
• W r i t e a func t ion , g , to r e p r e s e n t t he to ta l 1994 d e d u c t i o n s for socia l s ecu r i t y a n d 
M e d i c a r e for x d o l l a r s of i n c o m e subject to F I C A taxes. 
• W r i t e a func t ion , h , to r e p r e s e n t t he di f ference of t he 1994 d e d u c t i o n s a n d t h e 
1993 d e d u c t i o n s for x do l l a r s subject to F ICA taxes. 
T h e f u n c t i o n s a r e g i v e n b e l o w : 
f(x) = 
.0765x for 0 < x < 5 7 , 6 0 0 
( .062)(57,600) + .0145x for 5 7 , 6 0 0 < x < 1 3 5 , 0 0 0 
.062(57 ,600)+ 135,000(1.45) for x > 135,000 
g(x) = 
.0765x for 0 < x < 6 0 , 6 0 0 
I ( .062)(60,600) + .0145x for x > 60,600 
h(x) 
0 for 0 < x < 57,600 
(.062)(3,000) for 57 ,600 < x < 60,600 
.062(3,000) for 60,600 < x < 1 3 5 , 0 0 0 
.0145x for x > 135,000 
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S u p p o s e y o u w e r e to g r a p h the p e r c e n t a g e of i n c o m e p a i d in t axes v e r s u s 
e a r n e d i n c o m e . T w o v e r y i n t e r e s t i n g g r a p h s fol low: 
g(x) 
1 9 9 3 
10% 
7.65°/, 









a: g(x) = — 3 - 0 < x < 57,600 
x 
v (.062)(57,600 + .0145 x) 
b: g(x) = 57,600 < x < 135,000 
(.062)(57,600) + 135,000(.0145) 
c: g(x) = x > 135,000 
g(x) = p e r c e n t of i n c o m e p a i d o n $ x i n c o m e 
$60,600 
.0765x 
a: g(x) = — - — 0 < x < 60,6000 
.062(60,600) + .0145x 
b: g(x) = v x > 60,600 
In a c l a s s r o o m se t t ing , s e v e r a l s t u d e n t s m i g h t r e p r e s e n t t he drafters of th i s n e w F I C A 
s c h e d u l e a n d t h e r e s t of t he c lass c o u l d ra i se " in te res t ing" q u e s t i o n s (e.g. Is th i s t ax 
"fair" to b o t h r i ch a n d p o o r ? ) r e l a t e d to t h e F ICA tables a n d g r a p h s . 
Be a le r t to o t h e r t ab les a n d g r a p h s in m a g a z i n e s a n d n e w s p a p e r s t h a t c a n b e u s e d in a 
s imi l a r fash ion! i& 
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A NON-DISCRETE FUNCTION, M O D 5 
by: Chr i s t ine Loos 
Illinois Mathematics and Science Academy 
C o n s i d e r t he fo l lowing m a p p i n g f rom the real n u m b e r l ine o n t o t he half o p e n 
in t e rva l [0,5). 
W e def ine a m a p p i n g ¥(x) as follows: 
[ x, x 6 [0 ,5) 
¥ ( X ) =
 j r , * * [ 0 , 5 ) 
w h e r e r e [0,5) a n d r = x + 5k for s o m e in teger k. 
This is e q u i v a l e n t to s ay ing ¥(x) = r m o d 5. 
For example , ¥(2.25) = 2.25, b u t ¥(39.1) = 4.1, since 4.1 e [0,5) a n d 
4.1 = 39.1 + 5k for k = -7 . W e cou ld also say 39.1 = 4.1 m o d 5. 
Q u i c k check: 
W h a t a re ¥(TC) a n d ¥(-22) ? 
A n s w e r : ¥(71) = n a n d ¥(-22) = 3. 
N o t So Q u i c k Explora t ions : 
1. P r o v e or d i s p r o v e each of the fo l lowing for all rea l n u m b e r s m a n d n . 
(a) ¥ (m + n) = ¥(m) + ¥(n). 
(b) ¥ (m + n) = ¥(¥(m) + ¥(n)). 
(c) ¥ (mn) = ¥(m)¥(n). 
(d) ¥ (mn) = ¥(¥(m)¥(n)). 
(e) ¥ (m + n) = ¥(m) + ¥(n) m o d 5. 
(f) ¥ (m + n) = ¥(¥(m) + ¥(n)) m o d 5. 
(g) ¥ (mn) = ¥(m)¥(n) m o d 5. 
(h) ¥ (mn) = ¥( ¥(m)¥(n)) m o d 5. 
W i t h th is m a p p i n g , the g r a p h s of familiar funct ions f rom SR to 31 s u d d e n l y b e c o m e 
qu i te s t r a n g e w h e n g r a p h e d in an 31 x [0,5)-plane. Cons ide r the g r a p h tha t follows. 
Is th is a g r a p h of a funct ion ¥(f(x)) f rom 31 on to [0,5)? 
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- 6 - 4 - 2 
W e can t h i n k of th is as a g r a p h of y = ¥( f(x) ), w h e r e f(x) is s o m e funct ion f rom 9? to 
3i. Try to fo rm a conjecture as to w h a t f(x) is? 
If y o u g u e s s e d f(x) = x 2 , y o u w e r e r ight! Actual ly , the g r a p h s of the w h o l e fami ly of 
q u a d r a t i c s of t he fo rm y = x 2 + C, w h e r e C is a n in teger m u l t i p l e of 5, l ook exact ly 
l ike the o n e above . 
2. H o w are t h e g r a p h s of ¥(x2) a n d ¥(x2 + 2) re la ted? 
3. Does ¥(x2) f o rm a field u n d e r t he o p e r a t i o n s of funct ion a d d i t i o n , a n d funct ion 
m u l t i p l i c a t i o n ? 
F u r t h e r e x p l o r a t i o n . 
4. G r a p h y = ¥(x + 1) w h e r e xe 3X a n d y e ¥(SR). 
O n the s a m e set of axes, g r a p h y = ¥(x + 6). 
(a) W h a t a re t he ze ros? 
(b) A r e t he ze ros even ly spaced? 
(c) W h a t can y o u say a b o u t the ze ros of t he funct ion ¥(x2)? 
T h e y d o n ' t s e e m to b e even ly spaced . Is t he re a w a y to list all t he 
ze ros o n these g r a p h s ? W h a t a b o u t the ze ros of t he g r a p h , ¥(x2)? 
5. C a n y o u t h i n k of a funct ion y = ¥(f(x)) w h i c h is one- to -one in t he 9t x [0 ,5) -p lane? 
H o w a b o u t one - to -one a n d on to? C a n y o u find o n e tha t is one- to -one , o n t o a n d h a s 
d o m a i n 91? 
6. W h a t d o e s it m e a n to say tha t a funct ion y = ¥(f(x)) is c o n t i n u o u s at x = c in t he 
9* x [0,5)-plane? 
See if y o u can w r i t e a p r o g r a m for the g r a p h i n g ca lcula tor or c o m p u t e r w h i c h wi l l 
a l low y o u to g r a p h i n p u t s of real v a l u e d funct ions in the 3i x [0,5)-plane. <<& 
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PERFECT S Q U A R E S , F I B O N A C C I S E Q U E N C E S , 
P A T T E R N I N G & C O N N E C T I N G -- Explorat ions For T h e C l a s s r o o m 
by: C h a r l e s L. H a m b e r g 
Illinois Mathematics and Science Academy 
I n P r o b l e m S o l v i n g w e w e r e l o o k i n g a t t h e f o l l o w i n g p a t t e r n : 
0 - 2 + 1 = 1 
1 - 3 + 1 = 4 
2 - 4 + 1 = 9 
3 - 5 + 1 = 16 
4 - 6 + 1 = 25 
T h e c lass q u i c k l y g e n e r a l i z e d for t h e n th l ine a n d c a m e u p w i t h : 
(n - l ) ( n + 1) + 1 = n 2 - 1 + 1 = n 2 . 
S e v e r a l w e e k s l a t e r w e w e r e c o n s i d e r i n g t h e p a t t e r n : 
0 - 1 - 2 - 3 + 1 = 1 = 1 2 
1 • 2 - 3 - 4 + 1 = 25 = 5 2 
2 - 3 - 4 - 5 + 1 = 121 = l l 2 
3 • 4 • 5 • 6 + 1 = 361 = 192 
4 • 5 • 6 • 7 + 1 = 841 = 29 2 
5 . 6 - 7 - 8 + 1 = 1681 = 41 2 
A t t h i s p o i n t s t u d e n t s w e r e a s k e d to con jec tu re w h a t t h e n e x t f ive t e r m s w o u l d b e in 
t h e s e q u e n c e : 
l 2 , 5 2 , l l 2 , 1 9 2 , 29 2 , 41 2 
M o s t s t u d e n t s l o o k e d a t t h e s e q u e n c e 1 ,5 1\ 1? y ? 9 41 
4 6 8 10 12 
w i t h c o n s e c u t i v e d i f f e rences 4, 6, 8, 10, 12 t o p r o d u c e t h e n e x t f ive t e r m s : 
552, 71 2 , 8 9 2 , 1 0 9 2 , 1 3 1 2 . 
O n e s t u d e n t , M a r k , l o o k e d a t t h e d a t a a n d s a id "It's o b v i o u s t h a t t h e n u m b e r 
p r o d u c e d in a n y l ine is a s q u a r e a n d t h e f o r m u l a is e a s y to ob ta in . " 
H e r e w a s M a r k ' s a r g u m e n t : 
T h e n th r o w c a n b e e x p r e s s e d b y w r i t i n g : (n - l ) ( n ) ( n + l ) ( n + 2) + 1 
By p a i r i n g t h e 1st a n d 4 t h fac tors a n d 2 n d a n d 3 r d fac tors w e h a v e : 
(n - l ) ( n + 2 )n (n + 1) + 1 
= ( n 2 + n - 2 ) (n 2 + n) + 1 
w h i c h is t h e s a m e f o r m as t h a t of t h e first p a t t e r n d e t e r m i n e d s e v e r a l w e e k s ea r l i e r . 
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T h u s , ( n 2 + n - 2 ) (n 2 + n) + 1 = [ ( n 2 + n - 1) - l ] [ ( n 2 + n - 1) + l ] + 1 is a l w a y s a 
s q u a r e for n = 0, 1, 2, 3, . . . a n d it is e q u a l to [ (n 2 + n - 2) + l ] 2 o r (n 2 + n - l ) 2 . 
T h u s , (n - l ) ( n ) ( n + l ) ( n + 2) + 1 = ( n 2 + n - l ) 2 . 
A t a la te r p o i n t in t h e c o u r s e w e w e r e g e n e r a t i n g F ibonacc i t y p e s e q u e n c e s b e g i n n i n g 




















































139 . . . 
[Note : W h a t p a t t e r n s c a n y o u f ind?] 
W e w e r e i n v e s t i g a t i n g t h e fo l l owing : 
1. T a k e a n y t e r m , S , n > 2, of t h e a b o v e s e q u e n c e s . 
2. E v a l u a t e : | (SR)2 - ( S n _ x ) ( S n + A | . 
W h a t d o y o u o b s e r v e ? 
M y s t u d e n t s q u i c k l y d i s c o v e r e d t h a t c h o o s i n g a n y e l e m e n t in: 
S e q u e n c e #1 y i e l d s a v a l u e of 1. 
S e q u e n c e #2 y i e l d s a v a l u e of 5. 
S e q u e n c e # 3 y i e l d s a v a l u e of 11. 
S e q u e n c e #4 y i e l d s a v a l u e of 19. 
W e o b s e r v e d t h a t t h e s e q u e n c e 1, 5, 11, 19, . . . s e e m s to b e c o n n e c t e d w i t h a n ea r l i e r 
s e q u e n c e . It is left a s a m a t t e r of e x p l o r a t i o n to r econc i l e th i s o b s e r v a t i o n . i& 
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EULER'S M E T H O D 
by : R u t h D o v e r 
Illinois Mathematics and Science Academy 
L e o n h a r d E u l e r , a 17 th c e n t u r y S w i s s m a t h e m a t i c i a n , o f fe red a m e t h o d for 
c r e a t i n g g r a p h i c a l s o l u t i o n s to d i f fe ren t ia l e q u a t i o n s . It a p p e a r s n e a r t h e e n d of 
s o m e c a l c u l u s b o o k s . O t h e r s h a v e s k i p p e d t h e t op i c en t i r e ly . I r e c e n t l y re -
d i s c o v e r e d t h i s t o p i c a n d i n t r o d u c e d it in m y C a l c u l u s I c o u r s e b e f o r e e v e n 
m e n t i o n i n g t h a t m a g i c w o r d " d e r i v a t i v e ! " 
W e b e g a n t h e s e m e s t e r b y t a l k i n g a b o u t p o s i t i o n a n d ve loc i ty . M o r e g e n e r a l l y , 
w e t a l k e d a b o u t a f u n c t i o n a n d its r a t e of c h a n g e . W e d r e w s e v e r a l p o s s i b l e g r a p h s 
of f u n c t i o n s f r o m w r i t t e n d e s c r i p t i o n s of s i t u a t i o n s . T h e n w e d r e w a s s o c i a t e d r a t e 
g r a p h s . V e r y of ten , t h e t o p i c s d e a l t w i t h m o t i o n in a car a n d t h e a s s o c i a t e d s p e e d or 
ve loc i t y . W e e x a m i n e d t h e speci f ic q u e s t i o n of f i n d i n g t h e p o s i t i o n f u n c t i o n , 
a s s u m i n g t h a t o n e w a s g i v e n t h e v e l o c i t y o r r a t e of c h a n g e func t i on . If t h e v e l o c i t y 
is c o n t i n u o u s l y c h a n g i n g , t h i s r e q u i r e s a g o o d u n d e r s t a n d i n g of t h e n o t i o n s of t h e 
d e r i v a t i v e a n d a n t i - d e r i v a t i v e . H o w e v e r , if t h e v e l o c i t y is c o n s t a n t , t h e n t h e 
p r o c e s s of f i n d i n g t h e p o s i t i o n f u n c t i o n s = s(t) b e c o m e s v e r y s t r a i g h t f o r w a r d . For 
e x a m p l e , if t h e v e l o c i t y is g i v e n as 40 m p h , a n d t h e e l a p s e d t i m e is 3 h o u r s , t h e n t h e 
to ta l d i s t a n c e t r a v e l e d wi l l b e 40 m p h • 3 h = 120 m . If w e a s s u m e t h a t w e s t a r t a t 




B u t w h a t if t w o d i f fe ren t ve loc i t i e s a r e i n v o l v e d ? T h e p r o c e s s is e s s e n t i a l l y t h e 
s a m e , t h o u g h w e m u s t b e s u r e to a d d t h e t w o d i s t a n c e s t o g e t h e r to f ind t h e to ta l 




I n t h e first t w o h o u r s , t h e car t r a v e l s 20 m p h • 2 h = 40 m . In t h e s e c o n d t w o 
h o u r s , t h e ca r t r a v e l s 40 m p h • 2 h = 80 m . T h e c o m b i n e d d i s t a n c e t r a v e l e d is 
40 + 80 = 120 m . 
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W e c a n c o n t i n u e th i s p r o c e s s as d e s i r e d . 
5 0 - -
30 -
20 
I n o t h e r w o r d s , a s l o n g as t h e ve loc i t y func t i on is c o n s t a n t o r p i e c e w i s e -
c o n s t a n t , t h e p o s i t i o n g r a p h m a y b e d r a w n as a l i nea r o r p i e c e w i s e - l i n e a r func t ion . 
B u t w e m u s t r e t u r n to t h e m o r e g e n e r a l p r o b l e m w h e n t h e v e l o c i t y o r r a t e 
e q u a t i o n is n o t p i e c e w i s e - c o n s t a n t . Of c o u r s e , t h i s is t h e m u c h m o r e n a t u r a l 
s i t u a t i o n . C a r s d o n o t g e n e r a l l y t r a v e l a t 30 m p h a n d t h e n 50 m p h w i t h o u t 
t r a v e l i n g a t 34 m p h , 46 m p h , a n d all of t h e o t h e r v a l u e s b e t w e e n 30 a n d 50 a t l eas t 
m o m e n t a r i l y . (This fact is u s u a l l y o b v i o u s to m o s t s t u d e n t s , e v e n t h o u g h t h e y w e r e 
q u i t e r e a d y to d e a l w i t h t h e art if icial e x a m p l e s a b o v e for t h e s a k e of s impl ic i ty ! ) Let 
u s first t a c k l e a n e l e m e n t a r y e q u a t i o n w i t h s i m p l e n u m b e r s . W e w i l l d e n o t e o u r 
ve loc i t y o r r a t e e q u a t i o n b y y ' , a f u n c t i o n of x, a n d w e w a n t to f ind t h e a s s o c i a t e d 
p o s i t i o n f u n c t i o n y = f(x). E u l e r ' s m e t h o d is b a s e d o n th i s v e r y s i m p l e i dea : 
A p p r o x i m a t e t h e r a t e e q u a t i o n w i t h a p i e c e w i s e - c o n s t a n t f u n c t i o n . 
F o r e x a m p l e , le t y ' = x + 1 for t h e i n t e r v a l w h e r e x e [ 0, 4 ]. 
To b e g i n , let t h e s t e p s ize = 2. 
a p p r o x i m a t i o n to y ' 




p o s i t i o n f u n c t i o n 
4 
1 / 







/ ( 2 , 2 ) 
1 I ^ 
2 4 x 
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F o r a b e t t e r a p p r o x i m a t i o n , c h o o s e a s m a l l e r s t e p s ize , s a y s t e p s i ze = 1. 




 - V 
v — 
4 x 








A d d i t i o n a l l y , w e c a n e x p r e s s e a c h p i e c e w i s e - d e f i n e d f u n c t i o n a n a l y t i c a l l y a s 
we l l . T h e e x e r c i s e h e l p e d to e m p h a s i z e t h e c o r r e s p o n d e n c e b e t w e e n t h e r a t e a n d 
t h e s l o p e of t h e p o s i t i o n f u n c t i o n a s w e l l a s r e v i e w i n g t h e p r o p e r n o t a t i o n . N o t e 
t h a t t h e e n d p o i n t s a r e o m i t t e d o n t h e r a t e e q u a t i o n , b u t t h e y m a y b e i n c l u d e d a t 
e i t h e r e n d p o i n t of t h e p o s i t i o n f u n c t i o n . 
y 
1, 0 < x < l 
2, \<x<2 
3, 2 < x < 3 
4, 3 < x < 4 
y = 
JC, 0 < x < 1 
2x-l, \<x<2 
3JC-3, 2 < x < 3 
4*-6, 3<.x<4 
It i s e v i d e n t t h a t a s t e p s i ze of 1 g i v e s a f u n c t i o n y w h i c h a p p e a r s t o b e c lose r 
t o a s m o o t h c u r v e . I n a d d i t i o n , n o t e t h a t t h e f inal v a l u e of y ( w h e n x = 4) is l a rge r . 
T h i s is d u e to t h e fact t h a t t h e r a t e is c o n t i n u o u s l y i n c r e a s i n g . A b e t t e r 
a p p r o x i m a t i o n of y ' g i v e n b y a s m a l l e r s t e p s i ze ref lects t h i s m o r e a c c u r a t e l y . 
So w h a t w o u l d t h e g r a p h of y l ook l ike a n d w h a t w o u l d t h e f inal v a l u e of y 
b e if a s t e p s i ze of 1 /2 w e r e c h o s e n ? Y o u ' r e w e l c o m e to c o n s t r u c t th i s if y o u w i s h , 
b u t I c h o o s e t o a v o i d t h a t t a sk . F o r t u n a t e l y , a p r o g r a m m a b l e g r a p h i n g c a l c u l a t o r 
g i v e s u s t h e o p t i o n to a v o i d t h e t e d i o u s w o r k . I n fact, it is t h e p r o g r a m m i n g 
c a p a b i l i t i e s of c u r r e n t c a l c u l a t o r s t h a t h a v e a l l o w e d E u l e r ' s m e t h o d to r e g a i n s o m e 
p o p u l a r i t y in s o m e c a l c u l u s c o u r s e s . T h e f o l l o w i n g p r o g r a m is s u i t a b l e for b o t h t h e 
TI-81 a n d TI-82 c a l c u l a t o r s . 
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P r o g r a m : E U L E R 
O ^ K 
Fn-Off 
C l r D r a w 
D i s p " INIT X=" 
I n p u t X 
D i s p "Y(INIT X)=" 
I n p u t Z 
D i s p "STEP =" 
I n p u t H 
( X m a x - X m i n ) / H - ^ N 
L b l l 
X ^ A 
Z ^ B 
Z + H Y i -> Z 
X + H ^ X 
L i n e ( A , B , X , Z ) 
K + l ^ K 
If K < N 
G o t o l 
P a u s e 
D i s p "X=" 
D i s p X 
D i s p "Y=" 
D i s p Z 
Th i s a l l o w s u s to e n t e r in i t i a l 
v a l u e s of t h e f u n c t i o n . 
H e r e , e n t e r a s t e p s ize , a n d t h e 
p r o g r a m c a l c u l a t e s h o w m a n y 
l i n e a r p i e c e s t h e r e w i l l b e to t h e 
g r a p h of y . 
Th i s a d d s t h e c h a n g e in y to t h e 
o l d v a l u e to c a l c u l a t e t h e n e w y . 
Th i s d r a w s e a c h l i nea r p i e c e of y , 
c o n n e c t i n g t h e o ld (x,y) t o t h e n e w 
p o i n t . 
T h i s d i s p l a y s t h e t e r m i n a l 
c o o r d i n a t e s of t h e g r a p h of y . 
Before r u n n i n g t h e p r o g r a m , se t X m i n a n d X m a x a s d e s i r e d a n d c h o o s e a n 
a p p r o p r i a t e r a n g e for y . X(Init ial) m u s t e q u a l X m i n . E n t e r t h e r a t e e q u a t i o n i n t o y-,. 
T o s e e t h e p r e c e d i n g e x a m p l e specif ical ly , e n t e r y i = x + 1, se t X m i n = 0, 
X m a x = 4, Y m i n = 0, a n d Y m a x = 13. E x e c u t e t h e p r o g r a m . 
E n t e r X(INIT) = 0 a n d Y(INIT X) = 0. C h o o s e s t e p s i ze = 2. T h e 
r e s u l t i n g g r a p h s h o u l d r e s e m b l e t h e first g r a p h for y s h o w n 
a b o v e . P r e s s E n t e r a g a i n to see t h e f inal c o o r d i n a t e s (4, 8). 
N o w r u n t h e p r o g r a m a g a i n w i t h s t e p s i ze = 1 to o b t a i n (4, 10) for 
t h e f inal c o o r d i n a t e s . R u n t h e p r o g r a m s e v e r a l m o r e t i m e s w i t h 
t h e f o l l o w i n g s t e p s izes . Y o u s h o u l d b e ab l e to c r e a t e t h e 
f o l l o w i n g c h a r t . 
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T h i s t ab l e m a y b e e x t e n d e d as d e s i r e d , b u t th i s a l r e a d y g i v e s a g r e a t d e a l of 
i n f o r m a t i o n . F i rs t , it p r o v i d e s a n i ce i n t r o d u c t i o n to t h e c o n c e p t of a l imi t . W h a t 
w o u l d y o u g u e s s t h e r ea l v a l u e of y s h o u l d b e a t x = 4 if t h e a c t u a l r a t e e q u a t i o n 
c o u l d b e u s e d ? S e c o n d l y , n o t e w h a t h a p p e n e d to t h e y - v a l u e s a s t h e s t e p s ize 
d e c r e a s e s f r o m 1 to 0.1 to 0.01. W h a t w o u l d y o u e x p e c t to f ind for y if t h e s t e p s i ze 
w e r e 0.001? If w e a s s u m e t h e s a m e p a t t e r n for s t e p s i ze 0.5 a n d 0.05, w h a t w o u l d y o u 
e x p e c t t o f ind for y w i t h s t e p s i ze = 0.005? (Check it!) 
W e c a n a l so u s e E u l e r ' s m e t h o d a n d t h e c a l c u l a t o r p r o g r a m t o s t u d y t h e 
g e n e r a l r e l a t i o n s h i p s b e t w e e n a r a t e e q u a t i o n y ' a n d t h e c o r r e s p o n d i n g p o s i t i o n 
f u n c t i o n y . F o r e x a m p l e , w h a t if y ' > 0? A n d if y ' < 0? W h a t h a p p e n s t o y if 
y ' = 0? C a n a n y t h i n g b e s a id a b o u t y if y ' h a s a m a x i m u m o r a m i n i m u m p o i n t ? 
H o w d o e s y c h a n g e if a d i f fe ren t in i t ia l v a l u e of y is c h o s e n ? 
G e n e r a t e t h e g r a p h of y for t h e f o l l o w i n g r a t e e q u a t i o n s a n d t r y to a n s w e r t h e 






= 4 - x for x e [0, 6] w i t h y(0) = 0 
= 4x - x 2 for x e [0, 8] w i t h y(0) = 0 
= - ( x - l ) (x - 4) for x e [0, 6] w i t h y(0) = 0 
= cos x for x e [0, 6.28] w i t h y(0) = 0 
3 
y = x ^ T T for x e [0, 6] w i t h y(0) = 0 
T h i s is o n l y a b e g i n n i n g . T h e poss ib i l i t i e s a r e e n d l e s s . 
A s s t a t e d ea r l i e r , m y c a l c u l u s c lass s p e n t s o m e t i m e at t h e b e g i n n i n g of t h e 
c o u r s e s t u d y i n g E u l e r ' s m e t h o d a n d u s i n g t h e c a l c u l a t o r p r o g r a m . S t u d e n t s h a v e 
g a i n e d a g o o d , t h o u g h e l e m e n t a r y , u n d e r s t a n d i n g of a func t ion a n d its r a t e of 
c h a n g e . I n a d d i t i o n , w e h a d a n i n t r o d u c t i o n to l imi t s , t h e i m p o r t a n c e of s t e p s izes 
a n d a p p r o x i m a t i o n s , i n c r e a s i n g a n d d e c r e a s i n g func t i ons , a n d m a x i m u m a n d 
m i n i m u m p o i n t s - all b e f o r e m e n t i o n i n g t h e w o r d "de r iva t ive ! " A 
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M I S C O N C E P T I O N S C A N LEAD TO INTERESTING C O N C E P T I O N S 
by: C h a r l e s L. H a m b e r g a n d G e o r g e M i l a u s k a s 
Illinois Mathematics and Science Academy 
A c o m m o n e r ro r t ha t b e g i n n i n g m a t h e m a t i c s s t u d e n t s m a k e is s h o w n b e l o w : 
Solve for (x,y): xy + 4x = 1 
x(y + 4) = 1 
x = 1 a n d y + 4 = 1 
y = - 3 
If x(y + 4) = 1, it is n o t correc t to jus t c o n c l u d e t ha t x = 1 AND y + 4 = 1 s ince 
t he r e a r e inf ini te ly m a n y poss ib i l i t ies for t w o q u a n t i t i e s to h a v e a p r o d u c t 1, 
u n l i k e t he s i tua t ion : a-b = 0 w h i c h cor rec t ly imp l i e s e i ther a = 0 or b = 0. 
But in th is case a-b * 0 so t he r e a r e o t h e r w a y s to get 1. 
For e x a m p l e , x = 2 AND y + 4 = 1 c o u l d satisfy t he e q u a t i o n ; 
as we l l as x = - 1 , y + 4 = -1 . 
Because of t he a b o v e m i s c o n c e p t i o n it is n o t s u r p r i s i n g t h a t s t u d e n t s s o l v i n g t h e 
8 x 9 y 
equa t ion : — f = 1 m i g h t d o t he fo l lowing: 
36 
gx9y 23x32y f ^ ^ ( 3 2y ^ ^ ^ ^ = ^ 
36 2 " (2 2 «3 2 ) 2 , 24 , 34 
2 3 x ^ = 1 A N D 32>'-4 = 1 
3 x - 4 = 0 2 y - 4 = 0 
4 y = 2 
x
 = 3 
8 x 9y 
W e c a n eas i ly ver i fy t h a t , , 2 is a so lu t i on of — Y = 1 s ince 
y j 361 
8 4 / 3 9 2 := ^23j4/3(g2j2 := 2 4 3 4 = (2 2 3 2 ) 2 = 362 , b u t it is N O T the o n l y so lut ion . 
S o m e t i m e s w e d o e q u a t e p a r t s of a n e x p r e s s i o n s u c h as v e c t o r s , 
< 2x + 1, 3y > = < 7, - 1 8 > to ob ta in 2x + 1 = 7, 3y = -18 ; x = 3, y = - 6 . 
Recal l a co r r ec t m e t h o d u s e d w h e n e q u a t i n g c o m p l e x n u m b e r s : 
F ind all rea l n u m b e r s (x,y) so tha t : 
2x + 3 y i = 50 + 6 0 i 
Since t w o c o m p l e x n u m b e r s a re e q u a l if a n d o n l y if the i r rea l p a r t s a r e e q u a l a n d the i r 
i m a g i n a r y p a r t s a r e equa l , w e can w r i t e the sys t em: 
J 2x = 50 
13y = 60 
It fo l lows t h a t x = 25 a n d y = 20. T h u s , (x,y) = (25,20) is t he o n l y so lu t ion . 
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8 9y
 x 2 
N o w let 's rev i s i t — = - = 1 a n d w r i t e 8 x 9 y = 36 
36 2 
(23)x(32)y = (2232)2 
23x B 32y = 24 # 34 
3x 4 2y 4 
It is ea sy to see h o w s t u d e n t s m i g h t c o n c l u d e 2 = 2 AND 3 y = 3 , 
b y e q u a t i n g p o w e r s of 2 a n d p o w e r s of 3. (A m e t h o d s imi la r to t h e c o m p l e x n u m b e r 
p r o b l e m , b u t n o t co r rec t in t he con tex t of exponen t i a l s . ) 
This w o u l d g ive u s 3x = 4 AND 2y = 4. T h u s w e a g a i n ob t a in (x,y) = ( 1 , 2 ) . 
Th i s is n o t t he o n l y s o lu t i on . [But p e r h a p s , it is t h e o n l y r a t i o n a l so lu t ion . ] 
W e n o w r e t u r n to t h e o r ig ina l p r o b l e m to f ind t he set of A L L o r d e r e d p a i r s (x,y): 
,x. 8 Y = 36 
To ge t a t t h e r e l a t i o n s h i p b e t w e e n x a n d y, w e t ake t h e l o g a r i t h m of b o t h s ides 
log ( 8 x 9 y ) = log 36 2 
A p p l y i n g l o g a r i t h m i c p r o p e r t i e s y ie ld : 
log 8X + log 9 y = 2 log 36 
x log 8 + y log 9 = 2 log 36 
x v 2 
T h u s , t h e set of all (x,y) o r d e r e d p a i r s sa t i s fy ing 8 9J = 36 is t h e l ine w i t h e q u a t i o n : 
(log 8) x+ (log 9) y = 2 log 36. [Form: ax + b y = c ] 
4 
3' O b s e r v e t h a t (x,y) = ( 1 , 2 ) is o n l y o n e of t h e m a n y p o i n t s o n t h e l ine 
This br ief n o t e offers s eve ra l o p p o r t u n i t i e s for c l a s s r o o m teache r s . 
1. It p r o v i d e s a n o p p o r t u n i t y to see h o w a p r o c e d u r e c a n l ead to a 
"pa r t i a l or i n c o m p l e t e so lu t ion" of a p r o b l e m . 
2. It p r o v i d e s a n o p p o r t u n i t y to see h o w a p p l y i n g a p r o c e d u r e in o n e 
c o n t e x t m a y n o t en t i r e ly t rans fe r in a n o t h e r con tex t . 
3. T h e " incomple t e " s o l u t i o n c o u l d s e r v e as a b a s i s for a c o o p e r a t i v e 
l e a r n i n g a n d c l a s s r o o m d i s c u s s i o n r e g a r d i n g t h e "cor rec tness" of t h e 
m a t h e m a t i c s in d e t e r m i n i n g ( | , 2 ) as "the" so lu t ion . 
4. It p r o v i d e s s t u d e n t s w i t h a n o p p o r t u n i t y of s e e i n g a l inea r r e l a t i o n s h i p 
a r i se f r o m a s i t u a t i o n t h a t in i t ia l ly a p p e a r s to b e non - l i nea r . £% 
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M A K I N G C O N N E C T I O N S U S I N G PASCAL'S TRIANGLE, SERIES, A N D 
MATHEMATICAL I N D U C T I O N 
by: Char les L. H a m b e r g 
Illinois Mathematics and Science Academy 
Pascal ' s Tr i ang le is r ich w i t h pa t t e rns . This t r i angu la r a r r a y of n u m b e r s s e e m s to b e a n 
i nexhaus t i b l e s o u r c e for m a k i n g m a t h e m a t i c a l connec t ions . In th i s n o t e w e wil l 
i n t eg ra t e Pasca l ' s T r i ang le w i t h ser ies a n d u s e m a t h e m a t i c a l i n d u c t i o n as a m e a n s for 
v a l i d a t i n g o u r connec t ions . The u s e of m a t h e m a t i c a l i n d u c t i o n wi l l s e rve as a p r o t o t y p e 
for v a l i d a t i n g o the r ser ies w h i c h can be easi ly de s igna t ed . 
W e recall severa l a t t r ibu tes of Pascal ' s t r iangle . First, Pascal ' s Tr i ang le can b e r e p r e s e n t e d 
b y u s i n g b i n o m i a l coefficients of the fo rm w h e r e n a n d r a re w h o l e n u m b e r s w i t h 
n > r. By defini t ion: 
T h u s , 
n A n ! 
r J r ! (n - r)! 
1 
1 1 
1 2 1 
( 8 ) 
( 4 ) ( ! ) 
1 3 3 1
 is the s a m e as (jj) ( 2 ) ( | ) 
1 4
 ! 4 ' ( 8 ) (I) (I) ( ! ) 
le a lso recall: 
i sual ly , th i s can 
G 
b e 




r + 1 J-





^ r + 1 
n + 1 \ 
r + 1 
w h e r e j a n d (
 r + i ) a re consecu t ive e l e m e n t s o n t he s a m e r o w of Pascal ' s Tr iangle . 
S t u d e n t s famil iar w i t h Pascal ' s T r i ang le u s u a l l y h a v e k n o w l e d g e of t he " H o c k e y Stick" 
p r o p e r t y w h i c h is i l lus t ra ted b e l o w . 
1 + 3 + 6 = 10 
The "Hockey Sticks" d r a w n i l lus t ra te the fo l lowing s u m s : 1 + 4 + 10 + 20 = 35 
1 + 5 = 6 
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It is n a t u r a l for s t u d e n t s to ask if t h e "Hockey Stick" r e p r e s e n t a t i o n wil l a l w a y s g ive a 
t r u e resu l t . 




1 3 / 3 / 1 
1 4 / 6 / 4 1 
1 5 / 1 0 / 10 5 1 
(8 ) 
( J ) ( ^
 N 
(s) 6 ) / © ; 
(?) ( ? ) / ( D / ( l ) 
Let P_ b e t he s t a t emen t : 
O H o - O K - e n - e n 
Is P n t rue? 
If w e p r o v e b y m a t h e m a t i c a l i n d u c t i o n w e n e e d to: 
i) p r o v e t ha t P., is t rue , 
ii) p r o v e tha t if P n is t r u e t hen P n j is t rue . 
Pa r t (i) is easy to verify s ince
 2
 =
 3 ' 
It is he lp fu l t o u s e a v i s u a l a p p r o a c h to p r o v e tha t P R imp l i e s P n + v 
A s s u m e P is t rue : 
Since 
n + 2 
+ 
n + 2 n + 3 , 
o it fol lows tha t P R impl ies P R + 1 . 
The s a m e t y p e of p roof can b e u s e d to p r o v e the genera l i zed ser ies of a d iagonal : 
n - 1 
j + r A f n + r 
I 
j = 0 
r + 1 A 
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P R O V I N G A N D D I S P R O V I N G IDENTITIES 
by : C h a r l e s L. H a m b e r g a n d S u s a n M . Ya te s 
Illinois Mathematics and Science Academy 
M a n y s t u d e n t s first e n c o u n t e r t h e p r o v i n g a n d d i s p r o v i n g of i d e n t i t i e s in a c o u r s e 
of t r i g o n o m e t r y . T h i s is r a t h e r u n f o r t u n a t e s i nce t h e r e a r e p o t e n t i a l o p p o r t u n i t i e s 
p r i o r t o t h e s t u d y of t r i g o n o m e t r y for d e a l i n g w i t h t h e c o n c e p t of i d e n t i t i e s . 
S t u d e n t s o f ten a r e ca l l ed to r econc i l e t h e i r a n s w e r w i t h a n a n s w e r in t h e b a c k of t h e 
b o o k b y r e c o g n i z i n g e q u i v a l e n t f o r m s . 
f 1 \ 3 8 3 
E x a m p l e : b r x m i g h t b e -^ x 
M a n y a l g e b r a exe rc i s e s c o u l d b e v i e w e d as " p r o v e a n d d i s p r o v e " t y p e s of p r o b l e m s . 
S e v e r a l e x a m p l e s a r e p r o v i d e d . 










f v 3 \ 3 
V~X7 




 + 2x - 24 x 2 - 5x - 36 x - 4 
X - X -20 x 2 - 3 x - 5 4 " x - 5 
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It is i m p o r t a n t t h a t s t u d e n t s b e t a u g h t h o w to p r o v e a n i d e n t i t y a n d w h a t it m e a n s 
to d i s p r o v e o n e . T h i s i n c l u d e s s h o w i n g t h e i r w o r k a n d j u s t i f y ing e a c h s t e p . 
I n d i v i d u a l t e a c h e r s m a y v a r y in t h e a m o u n t of d e t a i l r e q u i r e d of t h e i r s t u d e n t s . 
T w o e x a m p l e s a r e s h o w n u s i n g t w o p o s s i b l e s ty les . 
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R e s t r i c t i o n s o n v a r i a b l e s : n o n e 
T e a c h e r s a r e e n c o u r a g e d to g e n e r a t e t h e i r o w n i d e n t i t y p r o v i n g o p p o r t u n i t i e s b a s e d 
o n m a t e r i a l b e i n g c o v e r e d in c lass o r t o r e in fo rce p r e v i o u s t o p i c s a n d t e c h n i q u e s . £% 
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THE EULER FORMULA—PART I 
by: Dr. Micah Fogel 
Illinois Mathematics and Science Academy 
The great Swiss mathemat ic ian Leonhard Euler (1707-1783, p r o n o u n c e d like "oiler") 
d iscovered a geometr ic formula that n o w bears his name . It relates the n u m b e r of s ides 
a n d the n u m b e r of corners of var ious geometr ic figures. The formula has a var ie ty of 
applications. In this article w e will develop the formula for figures that are m a d e u p 
entirely out of s traight lines. Later in this article w e will a d a p t the formula to figures 
whose sides can be curved, a n d app ly it to solve a p rob lem that is somet imes called 
"water , gas, and electricity." 
Polygons 
Consider any polygon, P, in the p lane (see Figure 1). 
It is clear that P has the same n u m b e r of sides as it has 
corners. In o rder to m a k e our l anguage consistent w h e n 
w e talk about three-dimensional objects, w e will 
use the w o r d vertex to m e a n "corner" , a n d the w o r d edge 
for "s ide." Thus an edge is a l ine segment in the figure 
a n d a vertex is w h e r e edges meet . If V is the n u m b e r of 
vertices (plural of vertex) in our polygon, a n d E is the 
n u m b e r of edges, then E =V, or E -V = 0 . 
Figure 1. A polygon P. 
We can actually p rove that this formula will a lways be true. It is obviously t rue for a 
triangle. Since any po lygon can be split u p into small pieces (a process called 
"subdivis ion") each of wh ich is a tr iangle (see Figure 2), any po lygon can be t h o u g h t of as 
consistency of a n u m b e r of tr iangles g lued together a long their edges. 
Q- -. 
Figure 2. Subdividing the polygon. Figure 3. Gluing in a triangle. The dotted edges get obliterated in the 
process. The circled vertex gets obliterated, while the heavy dot 
indicates a new vertex. 
So let 's say you are mak ing u p a po lygon b y gluing tr iangles together , a n d you are 
r eady to g lue in one more triangle. There are two possibilities, co r respond ing to Figures 
3a and 3b. In 3a, one edge of the n e w tr iangle is g lued onto the old collection of triangles. 
The g lu ing will a d d one n e w vertex to the figure a n d t w o n e w edges. But it also 
obli terates one of the edges of the old collection, the one a long w h i c h the t r iangle w a s 
glued. So the net effect is to a d d one more vertex a n d one more edge. So V a n d E each 
increase b y one, a n d E - V still equals zero. 
In 3b, the n e w tr iangle is g lued into the old collection along two edges. This t ime, n o 
n e w vertices are added , a n d in fact one of the old vertices is r emoved , because it will n o w 
be entirely inside the collection. One n e w edge is added , b u t t w o old edges are taken away, 
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since w e are g lu ing along t w o edges. So the net effect is to decrease bo th V and E by one, 
still leaving E - V u n c h a n g e d . 
There can ' t be a case w h e r e you glue in the n e w triangle along all three of its sides. 
Because then there h a d to be a hole in the midd le of the original collection, a n d po lygons 
d o n ' t h a v e holes in them! 
Explora t ions 
W h a t h a p p e n s in case you d o al low your po lygons to have holes in them? D r a w 
some po lygons that have holes in them a n d count their edges a n d vertices. A po lygon 
wi th a hole cannot be created by gluing tr iangles together one at a t ime, since gluing in 
the tr iangle that creates the hole will result in a shape like the one on the left in Figure 4, 
wh ich is no t a polygon. A hole can be created by gluing in a square as in Figure 5. This 
does not change the n u m b e r of vertices or edges in the figure. 
X 
Figure 4. Not polygons! 
: • : 
Figure 5. Gluing in a rectangle to create a hole. 
Wha t goes w r o n g wi th Euler 's formula for the shapes in Figure 4? Notice that in a 
po lygon (even one wi th a hole in it) there are a lways exactly t w o edges that meet at each 
ver tex . 
Po lyhedra 
N o w w e will examine w h a t h a p p e n s in three d imensions . The analog of a 
p o l y g o n in three d imens ions is an object called a polyhedron. A p o l y h e d r o n is s imply a 
three-d imensional shape wi th all flat sides. Each side will be called a face. The edges and 
vert ices of a p o l y h e d r o n are the line segments and points w h e r e t w o or more faces meet. 
For example , a cube has six faces, twelve edges, a n d eight vertices. 
In ana logy wi th the fact that po lygons don ' t have holes in them, w e require that our 
po lyhed ra be solid, that is, they have no hol low spaces inside them. We also prohibi t 
t h e m from hav ing holes dri l led t h rough them, so square donu t s are out. 
The s implest k ind of po lyhed ron is called a 
te t rahedron, because it has four faces (see 
Figure 6). It clearly has six edges and four 
vertices. Wha t h a p p e n s w h e n t w o of these 
are g lued together face-to-face (Figure 7)? You 
get an object wi th six faces, five vertices, and 
nine edges. In fact, the n u m b e r of edges 
increased by the same n u m b e r that faces a n d Figure 7. Two tetrahedra 
vert ices increased, combined . glued together. 
Figure 6. A tetrahedron 
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This will a lways be true. If you have a bunch of te t rahedra g lued together, a n d you 
w a n t to glue on one more , there are three w ays to d o it: a long one face (Figure 8a), a long 
t w o faces (Figure 8b) and along three faces (Figure 8c). If it were g lued in a long all four 
faces, then it w o u l d be p lugg ing a hol lowed out space, wh ich w e d o n ' t al low in our 
po lyhedra . In the first case, the n u m b e r of edges increases by three, faces by two, a n d 
vertices by one. In the second case, none of the three n u m b e r s changes. In the thi rd case, 
the n u m b e r of edges decreases by three, faces by two, and vertices by one. So the change 
in the n u m b e r of edges a lways equals the combined change in vertices p lus faces. So w e 
migh t examine V +F - E. 
New vertex 
Old face lost 
to gluing 
Figure 8b. Gluing along two faces. 
One new edge and two new faces 
new edge and two new faces, one 
old edge and two faces lost to gluing 
Figure 8a. Gluing a tetrahedron along one face. 
One new vertex, three new edges, 
three new faces, one old face lost to gluing. 
Figure 8c. Filling in a depression by 
gluing along three faces. One vertex, 
three edges, and three faces disappear, 
as one new face is gained. 
Wha t Euler d iscovered is that for any po lyhedron that has n o ho l lowed out spaces 
and n o holes, V + F - E = 2 . 
This is t rue for the te t rahedron (4 + 4 - 6 = 2) a n d the cube (8 + 6 - 12 = 2). We can 
p rove it for any po lyhed ron by spli t t ing it into a collection of te t rahedra g lued together . 
The formula w o r k s for the first te t rahedron, a n d then each other t e t r ahedron is g lued on 
as in Figure 8a, b, or c, and w e al ready k n o w that V + F - E w o n ' t change if w e glue in 
these ways . 
Explorat ion: Familiar Shapes 
Examine Euler ' s formula as it relates to some familiar shapes , like boxes a n d p y r a m i d s 
H o w m a n y seams are there on a soccer ball? It has 12 pen tagona l faces a n d 20 hexagonal faces, 
and each vertex belongs to exactly one of the pentagons , so there are 60 vertices. 
W h e n examin ing compl ica ted objects, 
keep in m i n d that every face of a poly-
h e d r o n m u s t itself be a polygon, so it can ' t 
have any holes in it. See w h a t h a p p e n s for 
a cube g lued onto the side of a larger cube 
in Figure 9. 
f ^ C • 
Wrong: 11 faces, 24 edges, 
16 vertices; top of large 




Right: Top of big cube broken 
down into four polygons. 
14 faces, 28 edges, 16 vertices. 
Figure 9. Each face must be a polygon with no holes! 
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Explorat ion: C u r v e d Shapes 
Like the soccer ball in the explorat ion above, mos t of the objects w e deal w i t h 
are not m a d e u p entirely of flat edges. But if they are "close" then Euler ' s formula still 
applies, as it d id above. "Close" means that if the object were m a d e out of ve ry stretchy 
rubber , it could be ben t into a po lyhedron . Still keeping in m i n d that the faces of 
po lyhed ra m u s t be polygons , explore other curved shapes like basketbal ls or cylinders. 
N o t e that you m u s t have edges r u n n i n g u p a n d d o w n the side of the cyl inder or you 
w o n ' t be able to b e n d the s ide into a polygon. 
Explorat ion: The Platonic Solids 
The cube has all faces m a d e of regular polygons , all of the d ihedra l angles w h e r e 
t w o faces mee t are the same, a n d a r o u n d every vertex there are the same n u m b e r of 
faces. There are only four other shapes that can have the same said about t hem—the 
regula r t e t r ahed ron (four t r iangular faces), oc tahedron (eight t r iangular faces), 
d o d e c a h e d r o n ( twelve pen tagona l faces) and icosahedron ( twenty t r iangular faces). 
These are called the regular or Platonic solids (see Figure 10). Other shapes (like a 
w a r g a m e r ' s ten-, thirty-, or hundred - s ided dice) fail in some w a y to be as perfect as the 
Platonic solids. 
Tetrahedron Cube Octahedron Dodecahedron Icosahedron 
Figure 10. The Platonic solids. 
Use Euler ' s formula to p rove that there can ' t be any other perfect solids. Hints: 
each face m u s t have the same n u m b e r of edges, each edge is shared by exactly t w o faces, 
a n d every ver tex has the same n u m b e r of edges emana t ing from it. The solut ion is 
g iven at the e n d of the article. 
Explorat ion: Holes 
W h a t if w e w a n t our po lyhedra to be able to have holes in them, like Figure 11? 
The w a y w e d o this is to let t w o pieces of a shape wi thou t holes grow t o w a r d each other 
unt i l they finally meet , a n d then glue the pieces together. If they are g lued together 
a long a p o l y g o n wi th n edges, then the gluing oblitgerates n edges, n vertices, a n d two 
faces . SoV + F-E decreases by two. 
Eliminating two faces, four vertices, 
and four edges 
Figure 11. Creating a hole. 
Convince yourself that if you m a k e g holes in this manner , the resul t ing shape has 
V + F - E = 2-2g. The n u m b e r g, wh ich is the n u m b e r of holes in your shape, is called 
the genus of the shape . 
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Solution: Pla tonic Solids 
Each face m u s t be a regular po lygon wi th n sides, a n d a r o u n d each vertex, 
exactly m of these faces m u s t be assembled. Since each edge is shared by exactly t w o faces, 
there are exactly E = nF / 2 edges. Each edge has two ends, wh ich are vertices, a n d exactly 
m edges come together at each vertex, so there are V = nF /m vertices. You also have 
Euler ' s formula V + F - E = 2. Thus, you can solve for F in te rms of m a n d n. So once 
you k n o w m a n d n you k n o w all about the regular po lygon that they de te rmine . 
m a n d n are restricted b y the facts that the po lygons have n sides, a n d that 360 / m is 
larger t han the n u m b e r of degrees in each interior angle of a regular po lygon of n s ides 
(as w e are t ry ing to assemble m of t h e m a round a point) . 
Think abou t the restr ict ions that are p laced on m and n. The only combina t ions possible 
are: 
• n = 3, m = 3: this yields the te t rahedron w i t h F = 4, E = 6, a n d V = 4 
• n = 3, m = 4: this yields the oc tahedron wi th F = 8, E = 12, a n d V = 6 
• n = 3, m - 5: this yields the icosahedron wi th F = 20, E = 30, a n d V = 12 
• n - 4, m = 3: this yields the cube w i t h F = 6, E = 12, a n d V = 8 
• n = 5, m - 3: this yields the dodecahedron wi th F - 12, E = 30, a n d V = 20 
The Euler Formula—Part II 
In Part I of this article, w e deve loped the Euler formula wh ich says that E - V = 0 for 
any po lygon a n d F - E + V = 2 for any po lyhedron . The only restrictions on the figures 
were that there w e r e n o holes in them, that every face of a p o l y h e d r o n h a d to be a 
polygon, a n d that all the faces were flat and edges straight. A n explorat ion there in Part I 
sugges ted that it w o u l d be possible to extend the formula to cases w h e r e th ings w e r e 
curved. This is i ndeed possible, and this article will explain the details. This article will 
end by app ly ing the results to solve the classic p rob lem k n o w n as "water , gas, a n d 
electricity." 
C u r v e d Polygons 
M a n y familiar shapes from geometry aren ' t m a d e of all s t raight lines a n d flat 
faces, like circles, cones, spheres , a n d the like. We w o u l d like Euler 's formula to app ly to 
t h e m as well . A n d it does , if w e just al low our edges a n d faces to be curved . Just like in 
the case of flat a n d straight objects, w e will start w i th polygons. 
Wha t shou ld a cu rved po lygon look like? Basically, w e 
will call a figure a po lygon if the sides can be 
"s t ra ightened ou t " to yield a straight polygon. See 
Figure 1. (Aside from calculus s tudents : the exact 
definit ion is tha t a cu rved po lygon is any figure which 
is the image of a circle u n d e r a piecewise differentiable 
one- to-one function.) 
Figure 1. A curved polygon. 
Figure 2. A monogon and a digon. 
There are t w o special curved po lygons that have n o 
analogs a m o n g polygons w i t h s t raight edges. They 
are the one-s ided m o n o g o n a n d the two-s ided d igon 
(see Figure 2). They are u n u s u a l because w i t h s t raight 
sides, you cannot make u p someth ing that circles back 
o n itself w i t h fewer t han three sides. 
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The w a y w e p r o v e d that the Euler formula w o r k e d for 
straight edged polygons w a s to subdiv ide the po lygon 
into triangles. The same proof w o r k s here, except in the 
case of the m o n o g o n (a d igon can be subd iv ided in to 
t w o curved tr iangles—see Figure 3). But a m o n o g o n 
has one edge a n d one vertex, so the formula works for 
Figure 3. Subdividing a digon into m o n o g o n s as well, 
two "triangles." 
Explorat ion: C u r v e d Polygons 
D r a w any closed curve in the p lane that does not cross itself (a " s imple" closed 
curve). Pu t any n u m b e r of po in ts anywhere on the curve, a n d call these poin ts the 
vertices. The vertices cut the curve into pieces, so call these pieces edges. Verify Euler 's 
formula for this curve. 
C u r v e d Po lyhedra 
W h a t shou ld a curved p o l y h e d r o n look like? It shou ld be a l lowed to look like 
any object in eve ryday life that does not have any holes in it. So spheres, cones, tables, 
a n d salad forks shou ld all be examples of curved polyhedrons . A n y object that could be 
m a d e w i t h a l u m p of super stretchable clay wi thou t p u n c h i n g a hole in it or tear ing it 
in to t w o or m o r e l u m p s is a curved po lyhedron . (Aside from advanced calculus 
s tudents : the exact definition is that a curved po lyhed ron is the image of a sphere unde r 
a p iecewise differentiable one-to-one function.) 
N o r m a l po lyhedra a lways have faces, edges, a n d vertices, a n d in fact the entire 
ou ts ide surface of the po lyhed ron is split u p in to po lygons wh ich formed the faces of the 
po lyhedron . The same m u s t be t rue of a curved po lyhedron . The surface of a curved 
p o l y h e d r o n is par t i t ioned into shapes that are curved polygons , a n d these polygons are 
called the faces of the curved po lyhedron . The curved sides of these faces whe re t w o 
faces are joined are the edges of the po lyhedron , a n d the poin ts w h e r e edges come 
together are the vertices. 
For instance, a soccer ball is a curved polygon. It's faces are the 32 curved hexagons 
a n d pen t agons that are the black a n d whi te patches that m a k e u p the ball. Its edges are 
the 90 seams that ho ld the ball together, and its vertices are the points whe re seams come 
together . There are 60 of them. 
Figure 4 s h o w s a cone. It has seven faces (the six faces 
that m a k e u p the cone p lus the six-sided base), seven 
vert ices (six on the base a n d one at the top) a n d twelve / j V \
 F i g u r e 4 . A c u r v e d 
edges (six r u n n i n g along the cone a n d six a round the / j \ \ cone with six "sides" 
base). 
Explorat ion: C u r v e d Polyhedra 
Take some simple, c o m m o n shapes , such as spheres and cylinders. Divide u p their 
surface areas so that each divis ion is a curved polyhedron . Coun t the number of faces, 
edges, a n d vertices you obtained. Did these n u m b e r s satisfy the Euler formula 
F + V - E = 2? If not , are you sure that your object has no holes? Are you sure the 
po lygons you used for your division don ' t have any holes? 
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This face is an 
annulus, which 
is not a polygon 
/ 
Figure 5. The problems 
with polygons with 
holes. 
O 
Explorat ion: The Prob lem With Holes: 
Divide a sphere as s h o w n in Figure 5. This is like 
d iv id ing a globe into the tropics and the polar areas nor th 
a n d sou th of the tropics. If you count faces, edges, a n d 
vertices in this figure, you will notice that there are eight 
vertices (four in each polar region), twelve edges (six in each 
polar region), a n d seven faces (three in each polar region, 
p lus the one that makes u p the tropics). So F + V - E = 1, 
apparen t ly defying the Euler formula. Wha t w e n t wrong? The "face" that makes u p 
the tropics really isn't a curved polygon, so this isn' t a "legal" w a y of spli t t ing u p the 
surface of a globe. 
The Euler Formula 
The Euler formula works for curved po lyhedra just as it does for flat ones. For 
exactly the same reason, any cu rved p o l y h e d r o n can be obta ined from g lu ing together 
curved te t rahedra . The proof works the same as for flat po lyhedra as long as all the faces 
have at least three edges (in other words , d igon or m o n o g o n faces cause problems) . 
Digons d o not really cause problems, because if you pick any 
point on the per imeter of the d igon that is not a l ready a 
vertex, a n d just declare that it is a vertex, you have tu rned a 
d igon into a three-sided polygon. See Figure 6, w h e r e a sphere 
h a d originally been par i t ioned into t w o digons, b u t after 
declar ing a n e w poin t to be a vertex, it became a par t i t ion into 
two three-s ided figures . The reason this trick works is that 
this creation of a n e w vertex a d d s one vertex, splits one edge into two, a n d creates n o n e w 
faces, so that V + F - E r ema ins unchanged . 
Figure 6. Digons can be turned 
into three-sided figures. 
O O ) 
Figure 7. Replacing a monogon with 
a three-sided polygon. 
The p rob l em wi th m o n o g o n s can be fixed wi th a 
slightly different trick, w h i c h is expla ined in Figure 7. 
A n e w face is created wh ich w r a p s a round the 
m o n o g o n . T w o n e w vert ices a n d three n e w edges are 
created, a long w i t h one n e w face. Again,V +F - E 
r emains unchanged . After this n e w face is created, the 
m o n o g o n can be dele ted, w h i c h removes one edge, a n d 
merges t w o faces into one, so V + F - E is still unchanged . With these tricks, all the 
m o n o g o n s a n d d igons can be replaced by a figure w i th at least three sides, a n d then the 
old proof of the Euler formula works . 
Water , Gas, a n d Electric 
A classic puzz le is to d r a w three houses on a 
piece of pape r , a n d then d r a w three utilities, 
wate r , gas, a n d electric. C a n you connect each 
house to each uti l i ty w i t h o u t crossing any lines 
(see Figure 8)? 
The next few p a r a g r a p h s will p rov ide 
the solut ion, so you m a y wish to try it on your 
o w n before r e a d i n g on. 
Figure 8. Not quite a solution; house 1 has no gas. 
Can every house be connected to all utilities? 
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The So lu t ion 
We will actual ly demons t ra te that this p rob lem can ' t be solved. 
A s s u m e you have d r a w n a solution. Draw your solut ion on the surface of a sphere 
(this is w h y w e need curved shapes). Your solut ion forms a b u n c h of edges a n d vertices 
on the sphere . There are six vertices (three houses a n d three utilities) a n d nine edges 
(each house is connected to each utility). Wha t k ind of faces are the resul t of this division? 
First, if a vertex represents a house , the vertices it is connected to are all utilities, and 
vice versa . Thus any face m u s t have an even n u m b e r of edges. A n d since you never 
need the same utility and house to be connected to each other twice, you d o n ' t have any 
faces w i t h only t w o edges. So all faces have four or six vertices. 
In addi t ion, n o face has a hole in it, for along the outs ide of any face there are at least 
four vertices, and if there is a hole inside the face, this hole is also a face wi th at least four 
vertices. But there are only six vertices! 
Since n o n e of the faces have holes, Euler 's formula is true, a n d wi th n ine edges and 
six vertices, you m u s t have five faces. Each face has at least four edges, so if you total the 
n u m b e r of edges in all faces, you get at least twenty. This counts each edge twice (each 
edge is a pa r t of two connected faces), so there m u s t be at least ten edges to account for 
hav ing five faces. But there are only nine edges! This is a contradict ion, so the 
a s s u m p t i o n that you have d r a w n a solut ion m u s t be incorrect. There is n o solut ion to 
the water-gas-electr ic problem. 
Explora t ions 
C a n y o u solve the water-gas-electric p rob lem on 
the surface of a donu t? / \
 p ^ t l can bTcon-
W h a t does Euler ' s formula say about Mobius / / x \ without crossing 
Strips? *r ^ ^ lines. Can five? 
Figure 9 s h o w s that you can d r a w four points on the jC ^ X Figure 10. At least 
p lane, each of which is connected to each of the others. / f ~ w & neededtocolora 
Can you do this w i th five points wi thou t crossing any B B . _^k I picture without 
..
 J
 T , ,
 r
 , . , _ ° , \ I£BE By contiguous areas 
lines? If y o u d r a w a m a p on the plane, the Four Color ^ | ^p being the same color. 
Map Theorem says you never need more than four 
colors to color you r m a p so that n o t w o regions wi th 
a c o m m o n borde r have the same color. Figure 10 is closely related to Figure 9 and shows 
that at least four colors are really necessary. If you were able to d r a w five connected 
poin ts for the p rev ious quest ion, you will be able to d r a w five countr ies that each touch 
each other , a n d hence need five colors (so you will have d i sp roved the Four Color Map 
Theorem). More likely, you p r o v e d that you couldn ' t d r a w five such points . Does this 
p r o v e the Four Color M a p Theorem? W h y or w h y not? fa 
r ^ l M S A 
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teaching, and service. 
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